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Chapter 1

Introduction

Overview Quantum channels capture in most general terms the transitions
of quantum mechanical systems, covering a very broad range of effects. Trans-
mission of photons through a glass fibre, energy dissipation and quantum noise
introduced by the coupling to an environment, measurement and time evolution
are just a few examples. The subclass of channels which leave the completely
mixed state (corresponding to infinite temperature) invariant, so-called unital
or doubly-stochastic channels, is particularly interesting. First, they have been
identified with contractions (Pérez-Garcia et al. 2006) and exhibit special fixed
point properties (Arias et al. 2002) and second, it was recently shown that the
additivity conjecture of the minimal output entropy can be reduced to unital
channels (Fukuda 2007; Fukuda and Wolf 2007; Rosgen 2008). Interestingly,
King (2002) has actually proved this additivity conjecture for unital qubit chan-
nels. Finally, Vollbrecht and Werner (2001) investigate highly symmetric chan-
nels, termed covariant channels, which are unital by nature, as is the convex
hull of the reversible channels.

It turns out that the latter are precisely the unitary conjugations. From
an experimentalist’s point of view, given a convex combination of these so-
called unitary channels, the only error mechanism involved is caused by classical
uncertainty. Moreover, the environment-assisted error correction scheme can
completely restore the input fed into a quantum channel if and only if this
channel is a convex combination (or mizture) of unitary channels (Gregoratti
and Werner 2002).

A classical theorem by Birkhoff (1946) states that every doubly stochastic
matrix is a convex combination of the reversible ones, i.e. permutations. How-
ever, the quantum analogue holds in 2 dimensions only, that is, for qubits, but
fails in general for higher dimensions (Landau and Streater 1993). On the other
hand, the results by Smolin et al. (2005) suggest that one may recover this
theorem in the asymptotic limit.

Outline As motivated in the last paragraph, we start from unital quantum
channels and focus on the relation between covariant channels and the convex
structure of unitary channels.

e In chapter 2, the fundamental concepts related to quantum channels are
concisely explained, laying the foundation for the forthcoming sections.



We also review some very recent results regarding quantum channels and
shed light on the mathematical methods employed.

In chapter 3 we provide a general (convex) structure analysis, including
separation witness based on the Hahn-Banach theorem. We construct a
channel which is extremal in the convex set of unital channels, but not
extremal within the set of general channels. To the best of our knowledge,
no such channel has been provided in the literature so far.

In chapter 4 we develop mathematical theory for covariant unitary chan-
nels and determine the convex hull of OO-invariant states by a detailed
calculation.

In chapter 5 we apply the tools developed so far to construct a covariant
channel which eludes the environment-assisted error correction scheme but
can be brought back by unexpected countermeasures, namely, by using two
copies of the same channel in parallel or adding the completely depolarising
channel.

As permitted by the linearity result in chapter 3, we introduce a distance
measure in chapter 6 and illustrate it for covariant channels. Furthermore,
we explicitly implement it for the Werner-Holevo channel.

Finally, in chapter 7 we draw conclusions from the obtained results and
sketch further lines of investigation.



Chapter 2

Fundamental Concepts

We introduce the basic concepts and ideas related to quantum channels or —
interchangeably — quantum operations. Generally speaking, a quantum channel
T carries a physical system characterized by the density matrix p to a new state
o

P =T(p)
The most prominent example is the unitary time evolution of a closed system,
namely' p/ = UpU' with U = e~*1*/" and Hamiltonian H. Nevertheless, the
notion of quantum channels is much broader, in particular, the transformation
does not have to be unitary. Consider a system coupled to an environment obey-
ing a master equation?, and additionally assume that the system is Markovian3,
i.e. the density matrix p(t) at time ¢ completely determines p(t') for all ¢ > t.
Then there exists a generator L such that the quantum channel describing the
time-evolution satisfies

T, = oL,
and L can be written in Lindblad form (Lindblad 1976; Gorini and Kossakowski
1976; Nielsen and Chuang 2000), i.e.

b= L) = 10, ]+ Y g (Fz-pF} -3 {F}Fi,p})

i (2.1)

= 1o, H]+ 6(p) — 5 {6'(1),p}.

Here, H describes the Hamiltonian part and G = (g;;) together with the (F;)
form the Lindblad operators coupling the system to the environment and ac-
counting for the dissipative part of the process. They are uniquely fixed by G
positive semidefinite and tr F; = 0, tr [F;F j} = 0,5 for all 4,j. The second line
in (2.1) basically re-expresses the first, so ¢ is a completely positive map.

But not only does the concept of time evolutions fit nicely to quantum chan-
nels, also measurements — which are by nature very different from continuous

LFor any complex matrix A we denote the Hermitian conjugate by Af.

2This equation can be derived from the evolution of the total configuration (system and
environment) ptot, and subsequently tracing out the environment, i.e. the state of the system
is p = trenv [ptot]-

3That is, the system is memoryless. In mathematical terms, p(t) is a completely positive,
continuous one-parameter semigroup.
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Figure 2.1: Input-output mapping of a closed (left) and open (right) quantum
system with a unitary U. p is the density matrix of the principal system and
Penv describes the environment. Stinespring’s theorem guarantees that every
quantum channel T can be represented as on the right side.

processes — are special classes of quantum operations. Labeling the different
eigenvalues of an observable by m, the corresponding channel (Nielsen and
Chuang 2000, section 2.4.2) reads

MpM?
To(p) = — 20 S M M = 1,
tr [MmMmp} -

Despite this very broad approach, there are hard — physically motivated — req-
uisites on quantum channels, which will be pinned down in definition 1.

This thesis focuses on the subclass of unital quantum channels, i.e. T'(1) = 1.
This simple to state feature is equivalent to T being a contraction in the sense
of the article by Pérez-Garcia, Wolf, Petz, and Ruskai (2006) and is always
fulfilled when considering convex combinations of unitary channels, which map
p — UpU' for a unitary U € B(H). In terms of the Stinespring factorization
T(p) = VI®(p)V treated in theorem 7 below, the operator V is an isometry for
unital channels.

Taking a more abstract viewpoint, we express the required fundamentals
in mathematical terms. Let H; and Hs be finite-dimensional Hilbert spaces;
throughout the thesis, we focus on the case Hy = Hy = H, but the following
definition remains valid in either case.

Definition 1. A linear map T : B (H1) — B (Hz) is called
e trace preserving (tp) if tr [T(p)] = tr[p] for all p € B(H,).

e positive if T(p) is positive semidefinite for all positive semidefinite p €

B(H,).

e completely positive (cp) if 1T : K@ Hi — K ® Hay is positive for
any Hilbert space K of arbitrary dimension.

e unital if T(1) =1.
T is a quantum channel if it is completely positive and trace-preserving.

It turns out that dim K = dim H suffices in the definition of "completely pos-
itive", i.e. T is completely positive if and only if 1 ® T is positive on B (H ® H).
In physical terms, any density matrix on the joint system K ® H must remain
positive semidefinite when applying T" to the subsystem H and preserving K.



Notation Unless stated otherwise, we adopt the following conventions. Af
denotes the Hermitian conjugate of any complex matrix A € C4*? with d € N,
and A the component-wise complex conjugate. U(d) is the unitary group of
degree d. Thorough the thesis, H =2 C¢ will be a finite d-dimensional Hilbert
space and B(H) = C%*? the set of bounded linear operators on H. Some
numeric quantities will appear in the thesis together with the symbol =, which
means in this context truncation of the decimal representation to numerical

accuracy without rounding. So instead of % = 0.707106... or 12 ~ 0.707107

S

we concisely write

1
— =0.707106.
V2

2.1 Jamiolkowski isomorphism

The maximally entangled state on the joint system H; ® H; defined by

1K
IQ>=ﬁ;|%l>

with (|7)), any orthonormal basis set of H; — is the key ingredient of the following
configuration.? |Q) generalizes the EPR bell state |®*) = % (10) [0) + 1) [1)).

The partial traces on B(H; ® Hz) needed in the following proposition are
defined by the linear extension of

tr1 [A® B] := (tr A) - B € B(H>),
tro [A X B} = (tI‘B) A€ B(Hl)
Proposition 2. (Jamiolkowski isomorphism) The equation
pr = (1@ T)(9) () (2.2)

defines a linear isomorphism between completely positive maps T : B(H1) —
B(Hz) and density matrices in B(H1®@Hz2). Moreover, T being trace-preserving/unital
is equivalent to try [pr] = 1/d and try [pr] = 1/d, respectively.

Proof. pr is positive semidefinite due to the fact that T is completely positive.
To recover T from pr, first decompose the density matrix — e.g. via spectral
analysis — into

pT = Z lex) {ex]  with |er) € Hy ® Ha,
k

where the |ex) need not be normalized.® Next, define matrices Ay : Hy — Ha
by

1
lex) = —= D 11) (Ak D). (2.3)
Va2
Expanding the maximally entangled state in equation (2.2) yields

pr =4 S_10) Gl © 70 G, (24

4Compare with Nielsen and Chuang (2000, section 8.2.4).
5The arguments that follow do not even require the |ex) to be perpendicular.



which allows us to express T in terms of the Ay, namely T'(|) (j|) = d (i|, pr |7); =
e Arli) (] Az. Here the subscript 1 refers to the first tensor factor. By lin-
earity,
T(0) =Y ApoAl forall o€ B(Hy), (2.5)
k

and T is indeed completely positive as (1 ®@ T)(0) = >, (1® Ax) o (1 ® Ak)T

for all 0 € B(H1 ® H1).
Note that the link between the trace-preserving/unital property and the
partial traces tri o [pr] is established by a direct calculation starting from (2.4).
O

The simple fact that the isomorphism preserves convexity enables us to
switch between representations when investigating the convex structure of quan-
tum channels. Moreover, we can immediately deduce that the set of quantum
channels must be bounded® since the trace-preserving property forces | pr||,, = 1
for every quantum channel T'.

2.2 Kraus operators

By the arguments in the last paragraph we have en passant proven the existence
of another representation, which leads back to the original paper by Choi (1975)
and early work by Kraus (Hellwig and Kraus 1969, 1970; Kraus 1983). The issue
of uniqueness will be settled below.

Proposition 3. A linear operator T : B(H1) — B(Hz) is completely positive if
and only if there exist N linear maps Ay : H1 — Ha called Kraus operators

such that
N

T(p) = ZAkpAL for all p € B(H1). (2.6)
k=1
The minimal number of terms N is called Kraus rank and is equal to the rank
of the Jamiolkowski state pr. In particular, the matrices Ay can be chosen such
that
N <dyds, d; :=dimH; and tr [A;Ak} =0 for all j # k.

T being trace-preserving and unital is equivalent to ), A;Ak =land), AkAL =
1, respectively.

Proof. The representation (2.6) follows from the arguments in the last paragraph
leading to (2.5). By identifying Ay with |ex) in (2.3) and noting that

Ny 1
(e lex) = 3 D7 (il AT Ak i) = e [A] 4]

(3

the acclaimed choice is a direct result of the spectral theorem. The trace con-
dition translates to

tr [T(p)] = Ztr [ALAkp] =tr <Z AEA;C) p = tr o],
k k
which can only be fulfilled by all p if >, A;LA;.C =1. O

6In finite dimensions, all norms are equivalent!



Regarding the uniqueness of the Kraus representation, the following propo-
sition is stated in Nielsen and Chuang (2000, theorem 8.2 in section 8.2.4).

Proposition 4. (Unitary freedom of the Kraus representation) Let
{A1,...,An} and {A}, ..., A} be two sets of Kraus operators, w.l.o.g. N <
N. Then they induce the same quantum channel T if and only if there exists
an isometry V = (v;j) € CN*N" such that

Ai = Z’UijA;.
J

This freedom is especially useful for quantum error correction since the insight
into the correction process depends on the particular representation.

2.3 Transfer matrix representation

We endow B(H) with the Hilbert-Schmidt inner product (A|B) := tr [ATB]
and induced Frobenius norm

Al = Jorfata) = e 147 = (Soar) ", =2 @)

i.e. the p-Schatten for p = 2. In this way, B(H) becomes a Hilbert space
with orthonormal basis sets, e.g. matrix units e;; := |i) (j| or generalized Gell-
Mann matrices, which are themselves generalizations of the Pauli o-matrices.
Thus, eigenvalues and singular values of T are understood as the respective
quantities of the transfer matrix T' which is a matrix representation of T'
with respect to any such orthonormal basis set. For example, consider a Kraus
decomposition (2.6) and conveniently choose matrix units (e;;) as computational
basis, then

(e | T (emm)) = 30t [17) (i1 Ax 1) m| AL] = 37 (0] Ax |1y ] AL 17)
k

k
= (ij] Ar @ Ag |lm),
k

so lexicographically ordering the matrix units yields
7= A0 AL
k

With that it becomes easy to compute for example the trace of T', which is of
course independent of the specific chosen basis.

tr T = Z ltr A|® = d(Q] pr ),
k

especially trT" > 0 and tr 7" = 0 if and only if all Kraus operators are traceless,
which is preserved by the unitary freedom introduced in proposition 4.



2.4 Duality

The dual map T™ of T is — by definition — the adjoint operator with respect
to the Hilbert-Schmidt inner product, i.e.

(a|T(p))y =(T*(c)|p) forall pe B(Hi)and o€ B(Has). (2.8)

Proposition 5. Let T : B(H1) — B(H2) be a linear map. Then T is (com-
pletely) positive if and only if T™ is. In this case, assuming T' has Kraus repre-
sentation (2.6),

T (p) = ZALpAk for all p € B(Hs)
k

18 a Kraus representation of T*. Furthermore, T is trace-preserving if and only
if T* is unital and vice versa.

Proof. Refer to section 1.1 in Landau and Streater (1993), or note that the
assertions can be proven directly by the Kraus representation and the spectral
theorem applied to o and 7 in (2.8). O

In particular, T(1) = 1 for any quantum channel T', which means in ab-
stract terms that T* is a unital mapping from the C*-algebra A =2 C4*¢ into
itself.

Let T(p) = jlkple be another completely positive map and consider
the composition T* o T. 1t follows from the last proposition that, interestingly,

[T o] =y 2:§]<Ak|,4k,>2

)
kK
which can only be zero if all Kraus operators are pairwise perpendicular.

tr [A,Tc;lk/}

2.5 Contractivity and the p-Schatten norm

Although not commonly used in general, the p-Schatten norm becomes a fun-
damental building block regarding contractivity of quantum channels. For all

A € B(H), set

1 1/p
1AL, = 14l senaten = (1477 = (3 ai(4)7)

where 0;(A) are the singular values of A. For p = 2, this is the Frobenius
norm (2.7) as above and B(H) becomes a Hilbert space by (A|B) := tr [ATB].
As Pérez-Garcia et al. (2006) we endow T' with the operator norm
IT|,_, = sup ||T(A)
TP A=

p

[

and call T' contractive under the p-norm if ||T'[[,_, < 1. Unless stated
otherwise, we employ p = 2 and set
T| =T, = |7
1T = 1Ty = 2]
i.e. the greatest singular value of T in the transfer matrix representation. For

an extensive discussion refer to Pérez-Garcia et al. (2006), where inter alia the
following interesting bound is obtained.



Theorem 6. Let T : B(H) — B(H) be a positive and trace-preserving map,
then
1< ||T| <Vd, d:=dimH. (2.9)
Moreover, the following are equivalent:
o T =1
e T(1) =1, ice. T is unital
e T is a contraction.

In particular, this statement characterizes unital channels as contractions.

2.6 Stinespring factorization

The following theorem by Stinespring (1955) characterizes completely positive
maps as the composition of a *-homomorphism and a conjugation VT(-)V,
which are themselves completely positive. It is phrased in an abstract operator-
theoretic setting and poses no additional constraints on the underlying Hilbert
spaces, in particular, it remains valid for infinite dimensions. A basic familiar-
ity with C*-algebras is helpful — otherwise think of a C*-algebra as the set of
bounded operators on a Hilbert space, where * denotes the operator adjoint.

Theorem 7. Let A be a unital C*-algebra, H a Hilbert space and T : A — B(H)
a linear map. Then a necessary and sufficient condition for T being completely
positive is that T' has the form

T(a)=Vi®(a)V foralac A, (2.10)

where V is a bounded linear map from H to a Hilbert space IC and ® is a unital
*-homomorphism of A into B(K). In this case, ®(1) can be choosen 1.

Sketch of the proof. The hard part is the proof of sufficiency. Define a positive
Hermitian bilinear form on the vector space A ® H by the linear extension of

(a@z[fey) = (|T(@" B)y)y,

and observe that there is a natural mapping ®’ from A to the linear maps on
A ® H, namely

() Zﬁi Ryi=>» (af)@y.

K3

It can be shown that (&' () ¢ | @' () ¢) < |la]|® (¢ ] ¢) for all ¢ € A®H, so the set
Nofall ¢ € AQH with (¢ |¢) = 0 is a linear subspace by the Schwarz inequality
and invariant under ®'(A). Let K be the completion of the pre-Hilbert space
(A®H) /N and ®(a) the induced bounded operator on K for each a € A. Now
define V' by

Ve=(1®z)+N forall zeH,

which is bounded since ||[V||> < (2| T(1) z). Finally observe that
(| VI®(a)Va),, = (Vy| B(a)Va), = (1@ | #(a)(1 6 2))
def
= @ylar) = (y|T(a)z)y

for all 2,y € H, that is, one obtains the representation (2.10). O]



Remark. Substituting o = 1 in the last equation yields the restriction of (- |-)
to ‘H — as embedded by V into K —

(VylVa)e = (y[TQ) )y

Especially for T' unital, V is an isometry H may be regarded as a sub-Hilbert
space of K. In this sense, T is the projection of ® onto H.

A Stinespring representation (®,V,K) can be chosen minimal in the sense
that KC is the closed linear span of ®(A)V'H. It can be shown that this minimal
representation is unique up to unitary transformations.

As a corollary, another derivation of the Kraus operator representation can
be obtained. For simplicity we switch back to the finite-dimensional setting and
assume that £ = A ® H. Identifying A = B(H1) and H = Ho, one gains the
key-isomorphism

K=H, ®B(Hi,Ha) such that
P(a)(z@u)=(az)@u

for all « € A, v € Hy and u € B(Hi,H2). Let (Pg), be a set of rank-1
projections on B (Hi,H2) with PP, = 01 P and ), P, = 1, and define

Pz @u) :=x® Py(u).
Then it immediately follows that
qu)(a)ﬂ = Oy Pk(P(Oz)Pk for all o« € .A,

and since H; = Py (K) for each k, we may identify the last term with §x; o and
regard Ay, := VTP, as operator from H; to Hy. Finally plugging everything
into (2.10) yields

T(a) =Y (VIP) (P®()P) (P V) =) Apad]
Kl k

for all a € A, that is, the Kraus representation (2.6).

2.7 Reformulating mixtures of unitaries

Audenaert and Scheel (2007) reformulate the problem whether a unital quantum
channel T is a convex combination of unitary conjugations. They first note that
the set of all possible matrices Z (not necessarily square) with

pr =277

is characterized by

Z = p¥2R, R right-unitary.

Such a Z is called square root of pr and corresponds precisely to a pure state
decomposition. Denoting the generalized Gell-Mann matrices by 7;, the main
theorem reads as follows.

10



Theorem 8. A unital quantum channel T is a convex combination of unitary
channels if and only if there exists a right-unitary d> x K matriz R (K > d?)
such that
diag (R'G;R) =0 foralli=1,...d* -1,
1/2 1/2
G;:= pT/ (1 ®Ti)pT/ .

By Caratheodory’s theorem, K < d* + 1 suffices.

2.8 Asymptotic version of Birkhoff’s theorem

The entropy of entanglement E is a central entanglement measure for bi-
partite pure states and defined by the von Neumann entropy S of the reduced
states, i.e.

E([¢) (@) := S (try [9) (¢]) = S (tra [¢) (1), |) € H1 @ Ha.

Bennett et al. (1996) have shown that the asymptotically defined distillation
rate of maximally entangled states is precisely F.

Considering three parties, Alice, Bob and a helper Charlie, the entangle-
ment of assistance (Cohen 1998; DiVincenzo et al. 1999), which is given by

Eass<p) ‘= Inax {ZplE (‘wz> <wz|) Lp= Zpi |w1> <wl|}

captures the idea that the helper Charlie can effect any pure state decomposition
for Alice and Bob’s state. The asymptotic version of this quantity, the so-called
reqularization of F,g, 18

1
Exs(p) == gEass (P®n) .

Smolin et al. (2005) proved the following theorem.

Theorem 9. Given a pure tripartite state [1)) 4 5o, then the optimal EPR rate
distillable between A and B with the help of C under LOCC is

ES (Yapo) = min {S(A), 5(B)} -

This gives rise to the "asymptotic" version of Birkhoff’s theorem by noting
that any Jamiolkowski state pr describing a unital quantum channel T' ob-
tains the maximum asymptotic entanglement of assistance since try o [pr] ~ 1,
suggesting complete correction by Charlie. Compare this with figure 5.2 in sec-
tion 5; there, the channels which allow complete correction are precisely the
convex combinations of unitaries.

2.9 Determinants

Determinants turn out to be an invaluable tool for understanding divisibility of
quantum channels, that is, in the simplest formulation, whether a given channel

11



T is a non-trivial composition of two channels Ty and T5, i.e. T = T1T5. In
that case,
det T = det (T1T2) = (det Ty) (det T3) ,

which frequently provides additional information about the channels T3 and T5,
for example, if |det Ty| = 1 or |det T2| = 1. In what follows, we mainly rely on
chapter IIT in the treatise by Wolf and Cirac (2006).

The next theorem doesn’t even require the channel T to be completely pos-
itive. |-| denotes the floor function.

Theorem 10. Let T : B(H) — B(H) be a linear positive and trace-preserving
map. Then

e det T is real and contained in the interval [—1,1],

e |detT| =1 if and only if T is either a unitary conjugation A +— UAU' or
unitarily equivalent to a matriz transposition A — AT'; in the former case

det T =1 and in the latter det T = (—1)L%J

Sketch of the proof. The first assertion follows from the fact that the concate-
nation of quantum channels is again a quantum channel and thus bounded in
norm (2.9), together with Gelfand’s formula for the spectral radius”

p(T) = Tim [T/ = 1.

Concerning the second assertion, "=" is the hard part, so assume |det T| = 1.
Wolf and Cirac show that there exists a integer sequence (n;) such that T, :=
lm; oo T =1, 80 T7F = TooT™! = lim;_oo T™ ! is also a positive and
trace-preserving map. From T and T ! both being positive one infers that they
map pure states to pure states and are unital. Now by theorem 2.5, both T" and
T~ are contractions, so T is actually norm-preserving. In particular, applied to
pure states, T' preserves |{(p |1)] for all |p), [)) € H. A group theory argument
by Wigner (1931) finally asserts that T' must be unitary or anti-unitary. O

Corollary 11. (Monotonicity of the determinant)

o T T are positive, trace-preserving linear endomorphisms on B(H) if
and only if T is a unitary conjugation or a matrix transposition.

e det T is decreasing in magnitude under composition, that is,
‘det (T’f)‘ < |det T
for all positive trace-preserving T and ’1~’, and equality is equivalent to T
being unitary, a matriz transposition or detT = 0.

We finally replicate an elegant formula for the determinant of an Markovian
channel (Wolf and Cirac 2006, theorem 6).

Theorem 12. (Determinants of Markovian channels) Let T = el be a
Markovian quantum channel with generator L as in (2.1). Then

det T = exp [—dtrG].

"Consult e.g. Lax (2002, theorem 4 in chapter 17.1).

12



Chapter 3

(GGeneral Structure Analysis

3.1 Separation witnesses

The Hahn-Banach theorem is a very powerful tool in functional analysis and
guarantees the existence of separation witnesses for convex sets. In section 3.1.1
we formulate this theorem for unital quantum channels, namely, given any
nonempty closed convex subset S of the unital quantum channels in the Jami-
olkowski representation, we provide sufficient and necessary criteria whether a
channel lies within S. In section 3.1.2 we solve the minimization problem re-
sulting from a subclass of separation witnesses, applied to mixtures of unitary
channels.

3.1.1 Structure inheritance

The general setup of this section is as follows. Let H be a finite d-dimensional
Hilbert space,

C:={pr : pr=00T)(0(Q), T:B(H) — B(H) cp, tp}
={peEBHRH):p=>0, trop=1/d}
the set of quantum channels in the Jamiolkowski representation and

cwital.— {1 c B(HQH) : p>0, trip=1/d, trop=1/d}

the subset of unital quantum channels.
In the following proposition we explicate the Hahn-Banach theorem for unital
quantum channels.

Proposition 13. Assume that S is a nonempty closed conver subset of C'™ital,
and let p € C™% characterize a unital quantum channel. Then p € S if and

only if
tr [Wp] >0

for all Hermitian operators W € B(H ® H) which satisfy

tryW =1/d, trosW =1/d, tr[Wo]>0Vo€S.
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Proof. It only remains to be shown that if p ¢ S, then there exists such a W
with tr [Wp] < 0. First note that

X :={A e B(H®H) : A Hermitian, tryA =0, troA = 0}

is a real linear subspace of all Hermitian operators on B(H ® H) and Cunital —
1/d* C X. Set p:= p—1/d* € X. By the Hahn-Banach theorem (Zeidler 1995,
theorem 1.C in chapter 1), there is a W € X with

tr [Wp] < —% but tr [Wa| > —% Voe (S—1/d%).

Now set W := W + 1/d? and observe that tr W = 0, so

tr [Wp] = tr [Wp} + %tr [p] = tr {Wﬁ] + % <0,

and similarly tr [Wo] > 0 for all 0 € S. O

3.1.2 A special class of separation witnesses

For any B € B(H), we investigate W = (1 ® B)F (1 ® BT) as separation wit-
ness for mixtures of unitary channels and solve the resulting minimization prob-
lem analytically in appendix B.1. Our general motivation is deriving nonlinear
separation criteria; however, this is postponed for future research and not fur-
ther developed here.

Plugging in W leads to

min {tr [W (1@ U) Q) (Q(1eU")] : UecU(d)}
= min {tr [AA] : o(4) = o(B)}

which only depends on the singular values of B! We solve this problem in
corollary 26 in appendix B.1.

3.2 The affine span of unitary channels

We prove in this section that the affine linear span of unitary quantum channels’
covers the whole set of unital quantum channels, that is, every unital quantum
channel T' can be written as

T(p) = NUpUf, N eRforalli, Y X\=1, (3.1)

K2

where all U; € B(H) are unitary. Together with the results by Pérez-Garcia et al.
(2006) this leads to a novel characterization of unital channels in theorem 18.

As always, assume that H is a d-dimensional Hilbert space. Note that
>;Ai = 1 in equation (3.1) is simply forced by the condition T(1) = 1. As
a direct consequence, there is no other linear equation except for T(1) = 1
obeyed by the convex hull of unitary channels.

Generally speaking, we hope that the universal decomposition (3.1) may
allow the preservation of general structures. For example, the question whether

i e. the conjugations p — UpUT with U unitary
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a given unital quantum channel is a conver combination of unitary channels is
reduced to the question whether all \; in (3.1) can be chosen non-negative.

Let X be the real vector space of all traceless, Hermitian operators on H,
X={AcBMH): A=A rA=0}={1}"
equipped with the Hilbert-Schmidt inner product (A|B) := tr [AJfB]7 and
V= {A— UAU' : U € B(H) unitary} C B(X)

the unitary conjugations on X. Note that dim X = d? — 1, and the operators in
V are orthogonal w.r.t. the Hilbert-Schmidt product as

(A|UBU") = tr [ATUBUT]
=tr [UTATUB] = (UTAU | B).
That is, V is a subgroup of O(X), the group of orthogonal operators on X.

Moreover, it is clear from the definitions that spang) is an associative algebra
over R with composition as multiplication.

The main theorem 16 stated below first requires a few lemmas. As the case
d =1 is trivial, d > 2 is assumed throughout. We first choose a basis of X as
follows:

jk .
o))" :

17) (k[ + 1K) (4] for all j < k
ik = —i () (k| — k) (j)  forall j <k
NGl =1+ G+1] Vi=1,....d—1.

J .
ol :

Then the set

{Jikao—ikvag (32)

is linearly independent and spans X'.

In the following, we denote the subspace of real linear combinations of vectors
{1,...,2,} such that the coefficients sum to zero by zerospang {x1,...,2,}.
Explicitly,

zerospang {x1,..., Ty} = {Z)\zmz : )\ €R, Z)‘i = 0}.

Lemma 14. For each base vector B in (3.2) there exists a T € zerospang)V
which maps B to itself and all other base vectors to zero.

Proof. We explicitly construct such a T w.l.o.g. for ol2. Set

Tl(p) = % (p-i—UlpUI) 5 U1 = <> .

Then for all & € R*

_( a-0|B* T a-ol|0 _
A'_( B | C ) i ( 0 C)’ 0 = (03,0y,02,12).
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Compose T; with

Ta(p) == % (p — ngUQT) € zerospangV, U := <> ,

which eliminates the C' block:
a-oc| 0 T3 alam—i—agaz‘()
0 |C 0 [0 )
Finally, we map a3 to zero by T3, which is the same as 15, only o, in U,
replaced by o,. Then

Tf:T3OT20T1

is the desired operator: T(A) = oy - 012, and T € zerospangV as Tp €

x

zerospang V. O

Lemma 15. For any base vectors By, By in (3.2), there is a T € V such that
T(B;) = Bs.

Proof. As By and By are Hermitian, there are unitary U; and Us such that
U;Bj U, (j = 1,2) is diagonal, respectively, so w.l.o.g. By and B, diagonal since
V is a group. Next, note that any two diagonal entries of By, for example the
first two, can be permuted by

By — UBU" with U= <

=)

Each basis vector has eigenvalues (1,—1,0,...,0), which are exactly these diag-
onal entries, so a composition of permutations maps By to Bs. O

Now we combine these lemmas to prove the following theorem.

Theorem 16. V zero-spans all linear operators on X, that is,

zerospangV = B(X).

Proof. For any two base vectors By, Bz in (3.2), by the above lemmas there is
a T € zerospangV which maps B; to By and all other base vectors to zero, so
a linear combination of these T's yields any linear map on &' O

Denote the subset of all Hermitian operators in B (H) by B (H) and the
affine linear span of vectors {x1,...,x,} by aff {z1,...,z,}.

Corollary 17.

affg {A — UAUT : U unitary, A € Bn(H)}
={T: B,(H) — By(H),T tp, unital }.
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Proof. Only "D" needs to be shown. For any tp, unital T', the restriction of
T —1 to X is in B(X), so by theorem 16 there are unitary Uy, ...,U, € B(H)
and A1,..., A, € R such that

T - 1‘2( =S a0l YA =o.

?

It follows that T'(p) = p+ >, A\ UZ-pUiT on X, which evidently holds on B, (H),
too. O

Finally, we combine corollary 17 with the results by Pérez-Garcia et al.
(2006) and section 2.5.

Theorem 18. (Characterization of unital channels)
Let T : B(H) — B(H) be a quantum channel, then the following are equivalent:

1. T is unital, i.e. T(1) =1,

2. T is contractive with respect to the p-Schatten norm for every p € [1, 00|,
that is, ||T'[[,_, <1,

3. |T|,_, <1 for some p € (1,00],

4. The transfer matrix T is a convex combination of unitary maps on the
bipartite system, i.e. T =Y, p; U; withU; € U(d?) andp; >0, >, p; =1,

5. T is an affine-linear combination of unitary channels, that is, T(p) =
SO N UipUl with A € R and 32, A = 1.

Proof. The relations 1. & 2. < 3. are established in Pérez-Garcia et al. (2006).
It holds true in general that the convex hull of unitary matrices is precisely the
set of contractions with respect to the operator norm, which can be deduced
from the singular value decomposition. This proves 2. < 4.. Finally, 1. < 5. is
a direct consequence of corollary 17. O

3.3 Extreme points

The compact set of quantum channels? C; operating on a finite d-dimensional
Hilbert space H is convex, as is the subset of all unital quantum channels C(‘i‘“ital.
So quite naturally we are interested in the extreme points of these sets, sketched
in figure 3.1, and the question arises whether each extreme point of Cymital is
also an extreme point of C4. In the following, we answer this question in the
negative by constructing an explicit counterexample.

One building block is the Kraus operator representation of quantum chan-
nels?

N
T(p)=> AwAl, N<d? A,eB(H), (3.3)
k=1

where the trace-preserving property is equivalent to ), AL AL =1.
Landau and Streater (1993) state the following theorem (for the duals),
which leads back to Choi’s original paper (Choi 1975).

2That is, completely positive, trace-preserving endomorphisms B(H) — B(H).
3Consult section 2.2 and section 8.2.4 in Nielsen and Chuang (2000).
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Figure 3.1: Illustration of the set of quantum channels C; and the subset of
unital channels C(lilnital

Theorem 19. Let T € Cq4 be a quantum channel with Kraus representation (3.3).
T is extreme in the set Cyq if and only if the set of matrices

{ala}, (3.4)

is linearly independent. Assume further that T is unital. Then T is extreme in
cumital if and only if

{ALAl & AlAL}k . (3.5)

is linearly independent.

We construct a channel T serving as counterexample in the "minimal" con-
figuration d = 3 and N = 4. Note that (3.4) can never be linearly independent
for this setting as N2 £ d? = dim B(H). Minimality is understood in the sense
that for d = 2, the extreme points of Ci"*a! are precisely the unitary channels?®
which are also extreme points in C4, and we have found arguments suggesting

that also for d = 3 and NV < 3, each example is extremal in both sets.
Let pr be the Jamiolkowski representation of T,

pr =1 T)(|Q)(Q) = lex) (ex] with
=1 (3.6)

d
1
lex) = —= D 1) (Ak[i));
Vi
T being trace-preserving and unital is equivalent to

tI‘lpT = tI‘ng == l/d (37)

4Refer e.g. to Landau and Streater (1993, theorem 1).
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Now we employ the Ansatz

6

pr =Y mij V) (51,

ij=1
where the (|1;)), span the orthogonal complement of (|kk)),, namely

) = —= (112) +[21)),  [s) = !

1
— (]13) +131)), =—1(|23) +132)),
7 7 (113) +[31)),  [¢3) 7 (123) +132))
1 1 1
= —(|12) — |21)), = —(|13) = |31)), = —(|23) — 32)),
|¥4) N7 (112) = 21)), [¢s) \/§z‘(| )= 1BL), ) N3 (123) = 32))
and the Hermitian matrix X = (z,;) is given by
i 0 —i ip3 i fia 0
0 i —i —ipy —(241) ps 0
3| —ips i 0 3 0 —ijn
—ipg (i—2)ps 0 0 3 i
0 0 2pe —ipg i —i iy i
(3.8)

Stated in matrix notation,
pr =V X UT with U= (¢1]...[¢s).

This Ansatz guarantees that (3.7) always holds, which can be checked by an
explicit calculation.

What remains is carefully choosing algebraic numbers 1, ..., us € R such
that X is positive semidefinite with rank N = 4, and that at the same time (3.5)
is linearly independent when plugging in the corresponding Kraus operators;
consult appendix A for the explicit formulas. The first requirement can be
verified by Mathematica or a similar computer algebra system, but the second
one involves an eigenvector decomposition (3.6) of pr, which is nearly infeasible
given the elaborate structure of u1, ..., us. Instead of that, a numeric agproach
comes down to just calculating the rank of a complex matrix R € CV x2d” —
C'6*18, We take the correspondig singular values, listed in descending order

o(R) = {0.44072, . ..,0.0057623}

as trustworthy indication that R has indeed full rank, as required.

19



Chapter 4

Covariant Channels

4.1 Separation witnesses under symmetries

In this section we relate the concept of separation witnesses to covariant chan-
nels. The basic setup and notation adopt (Vollbrecht and Werner 2001, sec-
tion II.A). Let H be a d-dimensional Hilbert space and G a closed subgroup
of
{U1 RUy : Uy, Uy € B(H) unitary}.

As G is compact, there exists a unique normalized measure which is invariant
under right and left group translation, the Haar measure. Vollbrecht and Werner
(2001) define the resulting canonical projection, denoted twirl operation, by

P(A) = /G UAUT AU VA € B(H @ H). (4.1)

By definition, each element A of the commutant G’ satisfies [U, A] = 0 for all
U € G, which is equivalent to PA = A, as follows directly from the invariance
under group translations.

Denote the set of all density operators (positive semidefinite maps on B(H®
H)) by S and let

Sy =conv {(1®U) | (Q (1@ U") : U € B(H) unitary}

be the compact subset of convex combinations of unitary channels in the Jami-
olkowski representation. P maps density operators to density operators, i.e.
PS C 8. Furthermore, PSy C Sy, since for all unitaries U € B(H)

P1aU) Q)@ (1eU")

- [ e asv) @ asU) (iov) dliel)
G

_ / (10 VUV [9) (9 (1 ® (VQleT)T) d(Vi & V)
G

is an element of Sy as Sy is convex.
The following definition constitutes the set of covariant separation witnesses,
the use of which will be clear from the next proposition.

Wy (G) := {W € G’ : W Hermitian,
tr[(1eU) | (Q(1eUT)W] >0VU € B(H) unitary} .
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The crucial point here is that Wy (G) C G’, which is in general much smaller
than the set of all Hermitian operators on H ® H. This idea correlates directly
with the arguments by Vollbrecht and Werner (2001), namely that p € PS is
already determined by its expectation values tr [pA] for A € G'.

Proposition 20. Let p € PS be a density operator which is invariant under
G. Then
peEPSy & tr[pW]>0 forall W e Wy(QG).

Proof. Since Sy is convex, one may equally define Wy (G) as

Wy (G) :={W € G’ : W Hermitian, tr[pW]>0Vp € Sy}.
Observe that tr [pW] = tr [pP(W)] = tr [P(p)W], so

Wy (G) = {W € G’ : W Hermitian, tr[pW]>0Vp e PSy}.

The proposition is now an immediate consequence of the Hahn-Banach separa-
tion theorem since PSy C G’ is convex and compact. O

4.2 Orthogonal covariant channels

In this section, we exemplify the criteria in proposition 20 above for the or-
thogonal group! G = 00, i.e. G={0® O : O € B(H) real orthogonal} (Voll-
brecht and Werner 2001, section II.D, example 3). The abelian commutant G’
is spanned by three Hermitian operators,

o= ({8,

where F = d |Q) (©2] and F is the flip operator defined in the paper by Vollbrecht
and Werner. These operators commute pairwise, i.e. can be simultaneously
diagonalized, which enables us to decompose G’ into the so-obtained projections
onto the corresponding eigenspaces,

1~
Py=-F=|Q)(Q]

d
PF%(LF):AQ

1 1
P=(1+F) - =F =8 -0,

where A5 and Sy are the 2-particle (anti-)symmetrizers. Consequently, PS is the
convex hull of the corresponding normalized density matrices p; = [tr Pi]f1 P;.
Note that p; corresponds exactly to the Werner-Holevo channel. As explained
by Vollbrecht and Werner in section II.A, each covariant state p € PS is com-
pletely characterized by its "coordinates"

( <]F>) <tr [pF] , tr [p]F]) (4.2)

Especially for the p; we obtain

1Fix a basis of H such that the component-wise complex conjugate A of any A € B(H)
makes sense.
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state | po P P2

coords | (1,d) (—1,0) (1,0)

as illustrated in figure 4.1.

2) (Y

-1

Figure 4.1: The set of orthogonal covariant channels in the Jamiolkowski repre-
sentation PS (green triangle) and the convex subset of unitary channels PSy
(blue area), which is described in analytic terms by proposition 22. Note that
the Werner-Holevo channel is "furthest away" from the unitaries. Compare
with Vollbrecht and Werner (2001, example 3 and figure 2).

Regarding PSy, proposition 20 guarantees that we may identify

PSy g{(@?),(@)p L pe SU}

R (4.3)
= conv { ((IF) ) <F>>U : U e B(H) unitary} ;
a short calculation shows that
F)y =t [(100) |0) (@ (1o UT)F] = o [UT],
(4.4)

(F), =tr [(1 2U) | (Q (1aUT) ﬁ] = %z tr U
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Proposition 21. Ifd is even, then PSy = PS , in particular, in this case the
Werner-Holevo channel pwy ~ As is a convex combination of unitary channels.

Proof. Tt suffices to note that the expectation values (4.2) with respect to p;
and U; coincide for Uy = 1, U; = diag (oy,...,0,) and Uy = diag(o.,...,0.),
just by plugging in (4.4). O

So interesting structures only emerge for d odd, which we will treat now.

Proposition 22. Let d > 3 be odd. Then the extreme points of (4.3) are

(=1+2/d,0), (1,0) and {(z,m(z)):ze[-142/d,1]} (4.5)

(O )

Proof. "(4.3) C conv(4.5)": For all unitary U € U(d),

with

étr UT] € [-1+2/d,1],

which follows from the fact that, for any matrix A, the spectrum of AA is
symmetric with respect to the real axis, the eigenvalues A\, A\ have the same
algebraic multiplicity, and the algebraic multiplicity of all negative eigenvalues of
AA (if any) is even (Fafbender and Tkramov 2006). Together with proposition 28
in the appendix we get the required bounds on (4.3).

"(4.5) C (4.3)": Set

L[ 0 1—i -1
Qoi==|-1+i —i 1
1+i 1 ;

and ¢ := exp (27i/3), then the coordinates (4.5) are obtained by

Up = diag (oy,...,04,Qo), U1 = diag (oz, 04,0, 02, 1) and the unitary ma-
trices which solve the maximum problem (B.5). O
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Chapter 5

Birkhoft’s Theorem and
Environment Assisted Error
Correction

5.1 Definition and correction setup

We prove the somewhat surprising existence of a noisy quantum channel T" such
that restoring quantum information by a measurement on the environment (Gre-
goratti and Werner 2002) is impossible, but becomes possible when enlarging
the system and applying T simultaneously with another noisy quantum channel
T, even if intuitively, T does not improve the situation at all. Namely, we set

1. T = T, i.e. two copies of the same channel

2. T: p — 1/D, the completely depolarizing channel.

The basic setup is illustrated in figure 5.1. In the sense of (Gregoratti and
Werner 2002) the correction scheme depicted in figure 5.2 restores quantum
information if the measurement can be performed in such a way that the overall
channel T, is the identity.

In the following paragraphs we adopt the notation of Vollbrecht and Werner
(2001). The Hilbert spaces H; and K; belong to Alice, whereas Hy and Ko
belong to Bob. It is throughout assumed that d := dimH; = dim’H> and
D := dim/X; = dimKs, and w.l.o.g. d odd, since otherwise everything is a
convex combination of unitary channels. D will of course be equal to d when
considering T ® T'.

We introduce a small parameter ¢ > 0 which will be fixed later and define
T by its Jamiolkowski representation

SR
DN ™

pT = (1 - A) PWH + )\psyrna A=
Here,

1
PWH = T (1-F) and

Psym = m(1+F) EB(Hl ®H2)
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Alice Bob

Figure 5.1: Alice and Bob communicate via two quantum channels T and T.
Note that in general, we do not require the dimensions of the associated Hilbert
spaces to be equal.

TCOI‘I‘

(U P = S

T Hi®@H;, —
Hy @ HYy

D ok l
A B

Figure 5.2: The correction scheme (Gregoratti and Werner 2002) applied to the
simultaneous usage of two noisy channels T : B(H;) — B(Hsz) and T : B(K,) —
B(K3). By the Stinespring representation, these channels consist of unitary
couplings U and U, respectively, between the local system and environment. The
result « of the measurement on the global environment performed by Charlie is
classically transmitted to Bob, who chooses the recovery quantum channel R,,
accordingly.

are the Werner-Holevo channel and the projector onto symmetric states, re-
spectively. Both are Werner states, that is, commute with U ® U for all unitary
U : Hy — Hy. The channel T is completely characterized by its flip expectation
value

2
tr [prF] = -1+ 776
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which is chosen such that [F serves as separation witness, i.e. T is not a convex
combination of unitary channels. This follows from the fact that for all unitary
U : Hl — Hz,

(1@ 0)I0) (0 (1o U F] = S [UT] = 1+

by the same arguments as in the proof of proposition 22.!

5.2 Two copies of the same channel

To exploit T = T, Vollbrecht and Werner (2001, section V.B) increment the
tensor product symmetry group (U ® U) ® (V ® V) by a flip of H; and K;

IFHl‘—’)Cl ® FH2<—>K27
resulting in a new symmetry group G. Then the commutant G’ is precisely
spanned by 1 and

1
F:= 3 1@ Fk, ey +Fryor, ®1), Fro i =Fyon, ® Fi ok,

i.e. every state p € G’ is completely characterized by the expectation values /
coordinates

((F), (F12)), = (tr[p ], tr [p Fi]) -

Especially for any unitary channel described by U : H1 ® K1 — Ha ® Ko, we
define U, := % (U + UT) and carry out a short calculation resulting in

1
(F)y =t [FAoU)[0) (@ (1e )]
1 —=T1 | —=Ts (5.1)
=@ [V (0 +T")]
1 — T, 1 — T

= st v = it v 7"
The last equation takes advantage of the fact that @TZ is again symmetric. By
the explicit example for d = 3 in appendix B.3, the coordinates

(F),(Fi2))y = % (—2 (cos ¥ 4+1)* + 3, 16 cos® ) — 7) , 9e€0,7/2] (5.2)

correspond to convex combinations of unitary channels.
Now matching the coordinates of T'® T,

2

(F), (Fua))p = (trlprF) tr[prFP”) = (0,2%), o= 14—

with (5.2) yields

9
6:5(4—3ﬁ—x/§+\/6) — 0.31653. ..

1This is also a special case of section B.1 in the appendix.
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as shown in figure 5.3. The blue area equates to convex combinations of unitary
channels?, the orange curve to the coordinates of single-channel tensor products
and the red subcurve to those which are convex combinations on the single-
channel level. The state at the lower corner is

1
Pm = 5 (pWH ® Psym + Psym ® PWH) .

As can be seen from direct inspection, each point on the curve (5.2) is an extreme

point of the blue area. The remaining extreme points (1,1) and (%, —%) are

realized by the unitaries 1 and (, ~! )®4 ® 1, respectively.

(F12)
PWH @ pwH Psym @ Psym

= (F)

PS

Figure 5.3: Twofold tensor products of covariant channels for d = 3; compare
with figure 9 in Vollbrecht and Werner (2001) and note that —1 + d% = —% is
a hard analytic lower bound on (F3) for unitary channels.

5.3 Adding the completely depolarizing channel

The Jamiolkowski representation of the completely depolarizing channel T :

B (K1) — B(K2),p— 1/D is just

p = (10 T) () (@) = 1/D%

2A prove that (5.2) really solves the minimization problem (B.6) as acclaimed is still out-
standing, but strongly supported by numeric tests. In any case, the set of convex combinations
of unitary channels is at least as big as the blue area, so the arguments regarding T' remain
valid.
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Let H be the group of all unitaries Vi ® V5 for unitary V; € B(K;), then
H' = span{1}. By the commutation theorem for von Neumann algebras,

(GoH) =G ®H

(Vollbrecht and Werner 2001, example 7 in section I1.D), in other words, pr ®
pp € (GOH ) is completely characterized by the expectation value of the
witness W = Fy, o1, ® 1k, 9k, , yielding

2
tr [(pr ® pg) W] = trlprF] = =14 5 — € (5.3)
Since W is Hermitian and satisfies W2 = 1, the only eigenvalues are —1 and
1, so every normalized state p satisfies tr [pW] € [—1,1].
To obtain the subinterval of [—1, 1] covered by convex combinations of uni-
tary channels, calculate (W), for unitary U : Hy @ K; — Ha ® Ko,

[0 U) Q@ 1eUh) W] = d%tr [Uﬁﬂ ; (5.4)

the flowchart in figure 5.4 illustrates this calculation. Note that U = 1 reaches

(]

Figure 5.4: Flowchart corresponding to (2| (1@ UT) (Fp, ey, ® 1) (1@ U) )
for a unitary map U : H; ® K1 — Ha ® Ka. Note that the flip operator acts on
the H;1 ® Hs subsystem only.

the upper bound 1, so the hard part is the lower bound, which is treated in
appendix B.4. For example in case D = 2, we conjecture that (5.4) spans the

range
2
1 2],

For d = 3 and d = 5, we have constructed explicit examples in the appendix
showing that (5.4) covers this range at least. In particular, for e small enough,
the expectation value (5.3) lies within this interval and such proves that pr ® p#
is indeed a convex combination of unitary channels.
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Chapter 6

Negativity

6.1 Base norms and unitaries

We introduce — in a similar vein as Vidal and Werner (2001) — a base norm
|5, and associated negativity Ns,, based on mixtures of unitaries S. We put
this in abstract terms first.

Definition 23. Let X be any real linear subspace of the Hermitian operators in
B(H®H) and S a convex, compact subset of X such that every element of S
has unit trace and the real linear span of S equals X. Then S defines a so-called
base norm and associated negativity on X by

lAlls ::inf{ap—i—an tA=apop —anon, ap, 20, oy ES},

6.1
Ns(A) :=inf {an P A=0p0p — o, apm >0, 0y, ES} (6.1)
forall A e X.

Needless to say ||-||g is a norm on X. Detailed proofs can be found in Vidal
and Werner (2001) and Nagel (1974). If tr A = 1, it follows that ||Alls =
1+ 2Ns(A) since oy — v, = 1, and Ns(A) being zero is equivalent to A € S.

More concretely, let

¢l = {pp t pr=1®T) (0 (Q), T : B(H) — B(H) cp, tp, unital}
={peBHH) : p>0, trip=1/d, trop=1/d}

be the compact set of unital quantum channels in the Jamiolkowski representa-
tion and

X = spangC™"* = {A € BHHOH) : AT =A, try A=ty A~ 1}.

Then the set Sy of mixtures of unitary channels in the Jamiolkowski repre-
sentation meets all requirements, which follows from the universality result in
section 3.2, corollary 17. In mathematical terms,

Sy =conv{(1aU) | (Q(1aU") : UecU(d)}

is a convex, closed subset of Cumital,
Considering composition of channels, we obtain the following basic result.
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Proposition 24. Let Ty and Ty be unital quantum channels with Jamiolkowsk:
representations pr, and pr,, respectively. Then

lpriomslls, < llprlls, - o lls, -

Proof. This follows from a straightforward computation applied to the decom-
position pr = apop — @, 0y, of a quantum channel T in definition 23 and the
observation that

(LeT)[(1eU)2) @ (1eU)]
= (UTe1)[1eT)(2) (@) (Te1)
=(UT@1)pr (U®1).
for any unitary U € B(H). =

As we have shown in section 4.1, the set Sy is invariant under (U; ® Us)-
conjugations for any unitary Uy, Us € B(H), so

I4]ls, = [|[UAUT forall U=U; ®Us, (6.2)

ls,

which equivalently holds for the negativity Ns,,, too. Let G be a closed subgroup
of all unitaries of the form (U; ® Us), then averaging over the conjugations
drawn from G leads to the twirl operation® introduced in (4.1),

P(A) = / UAUT du.
G
Note that this is a LOCC? in physical terms due to the tensor product splitting
into U; ® Us. Equation (6.2) and the triangle inequality yield
[P(A)ls, <lAlls, forall Aei.

Moreover, for any G-invariant A, i.e. element of the commutant G’, the states
0p/n € Sy in definition 6.1 can also be taken from G’ since

A=P(A) =, P(oy) — a, P(on)

and P(o,), P(0,) € Sy. This is exemplified in figure 6.1, which illustrates Ns,,
for orthogonal covariant channels.

6.2 Implementation for the Werner-Holevo chan-
nel
The results in section 4.2 encourage a concrete realization of the Werner-Holevo

channel T'wy as a convex combination of unitary channels in case of even di-
mension d = dim’H and as an affine combination with optimal negativity in

1The integral is taken with respect to the normalized Haar measure corresponding to the
compact group of all unitaries on B(H). This is extensively discussed by Vollbrecht and
Werner (2001) and in chapter 4.

2Local Operations and Classical Communication
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-1 2/d 1

Figure 6.1: Negativity as distance measure, exemplified through orthogonal
covariant channels from section 4.2. N, is constant along each red line, which
can be directly seen by geometric interpretation.

case of d odd. That is, in the first case we explicitly provide a finite number of
unitaries U;, i = 1,...,m such that

m

pwi = % 3 (1 ® Ui> 1) (] (1 ® Uj) . (d even)
=1

and in the second case we first calculate the negativity Ns, (pwn) =: o, and
afterwards two sets of unitaries V;, ¢ = 1,...,m and V/, ¢ = 1,...,m’ with
associated positive weights ¢;, ¢; such that > . ¢; =1, > ,¢; =1 and

pwit = (14 ) 3 (10 12) 19 (117
=1

—On S i i i/T . 0
>ai (1ov)1o @l 1V (dodd)

The Werner-Holevo channel is special since it was the first counterexample to the
additivity conjecture of the maximal p-norm multiplicativity conjecture (Werner
and Holevo 2002; Hayden 2007). Recall that

. 1 T
TWH.pHdil(tr[p]l P )
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is a unital quantum channel with UU-invariant Jamiolkowski representation

pwa = (1® Twn) (\Q> Q)

=[dd—-1)]""(1-F)
=2[d(d—1)] " Ay,

where Ay = 1(1 — F) is the 2-particle antisymmetrizer.
We need some preliminary definitions for the setup in the next two subsec-
tions. First set

ij lig) — |47)
|90u > T |90 > - \/5 )

TR W TN ()l ol V0]
|y = |@l") = 7%

foralll1 <i<j<d

such that - -
{|¢£j>i<]’ ’ |('0?>i<j ’ |ZZ>Z}

is an orthonormal basis of H ® H. Further define

oy =i (Jk) (1] — [1) (KI),
Diz |k) (k| — |1y (1] for all k # L.

For all permutations o of {1,...,d},

P. = {<0170-2)a"-7(0-d71;0-d)}7 d even
7 {(01,02),...,(04-2,04-1) 04}, dodd

where (0;,0;) is understood as tuple in N2, and
P :={P, : o permutation of {1,...,d}}.

Note that by a short thought, the cardinality, i.e. the number of elements of P

equals
dl/ (g) = \2/—(; I‘(d—;l) , deven,
Md == d—1 27 (d
dl/ (T) = WFG + 1) , dodd.
Finally, for all i, j, set
1 i<j,
sign;; = 0 1=y,
1 i>j.

The case d even

Our goal is to find an explicit conver combination of unitary channels which
equals pwi.
For all P € P define the unitary matrix UF := (ke oft and

‘uP> =(1eU")Q)=iv2d! Z signy, ‘(pﬁl>. (6.3)

(k,))eP
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Set p, = ﬁ > pep |uP> <uP|. We want to prove that p, = pry,. For all
1< 7,

. 1 2 . .
pyld) = Pld Z Z S181y, |¢§l> - Z Z S181y; “Plgl>
PEP_(k,1)eP PEP (k)eP
| (i,5)€P (4.1)eP

1 2 - _ y
=g | 2 2|l =amacsfdoma 7 o)
e

=2[d(d—1)] 7" ),

and directly from the definition (6.3) it follows that p,

and py |it) = 0 for all ¢, so actually

>—0f0rallz<]

py = 21d(d — 1)]_1 Ay = pwH.

The case d odd

Recall that by definition (6.1), our task consists of finding convex combinations
of unitary channels o,,/,, such that

pwra = (L4 ay) 0p — anopn,  an =Ns, (pwn) > 0. (6.4)
The negativity can be directly obtained from the x-axis in figure 6.1, yielding

1

NSU(PWH) = i—1

For all P € P, we define unitary matrices

Z le+ZU

(k,l)eP JEP
Z O_kl + Z ‘]
(k,l)eP jeEP
and set
’uP> = (1 ®UP) |2y = iv2d-1t Z signy, ’gz)kl —I—d 1/2 Z l77),
(k,l)eP jEP
o) = (L@ VE) Q) =d > Y (kk) = 1) +d 7Y 1)
(k,))eP jerP

Define corresponding stochastic unitary channels by

pPeP

o |P|Z‘“

PeP
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Then a calculation similar to the case d even yields

py |0 =4 masld-ma) " o) =2d77 [¢¥),
py ey =0 foralli<j and

_ d 1/2 P\ _ — 1 . .
py lit) = |7)| I;D |u > |73|d };, |i7)
iepP ieP

= ma_1[d-mg)""|ii) = d 2 |ii) for all i.

>0pz

pz|ii>:|%‘% Z Z |vP>— Z |UP> +Z|UP>

j#i \ PeP PeP pPeP

Moreover, one obtains p, |¢

>:Oforalli<j7and

(4,5)€eP (ji)epP i€P
S IR CEIES DRI
JFi PeP PeP
(i,5)EP iEP

= [2(d = 1) mas + ma) [d-ma) " fid) — 2 ma—a [d-ma 7S 1)

J#i
=d i) —d ) 1j4)-
J#i
Finally, the state p; := |Q) (Q] satisfies
prled) =0, piled) =0,
prlii) = d=V2|Q) = d™V Jid) +d71 ) 1) -
J#i
Plugging in the above values, one verifies that
1
PWH = (1 + an) Py — On [d(d + 1)_1pz + (d + 1)_101] y Onp = i—1

since the coeflicients are chosen such that the right hand side maps |ii) to zero
for all 7. That is, we have found a representation (6.4) with optimal «,.
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Chapter 7

Conclusions

Our first main line of thought in this thesis culminates in corollary 17 stating
that every unital quantum channel T' can be represented as an affine combina-
tion of unitary conjugations,

T(p) = NUpUf, M eRforalli, Y X\=1

%

We have combined this equation with recent contractivity results (Pérez-Garcia
et al. 2006) in theorem 18 to state a novel characterization of unital channels.
Moreover, the linear relation permits us to define a base norm ||-||s,, and asso-
ciated negativity Ns,, as a distance measure based on the convex hull of unitary
channels. We have been able to prove a basic result in proposition 24 regard-
ing base norms and the composition of quantum channels, namely, given unital
quantum channels T; and T3,

HpT10T2||.SU < ||pT1||SU : ”pTzHSU :
Thus we hope that ||-||s, is a promising candidate for further investigation.

The second line of thought centers around channels with a high degree of
symmetry, namely, orthogonal covariant ones. We have been able to completely
resolve the structure of unitary channels within this set in figure 4.1, section 4.2.
Interestingly, a substructure emerges for odd dimension d only.

In a third line of thought, we have applied the tools developed so far to con-
struct a covariant channel which exhibits counter-intuitive properties regarding
environment-assisted error correction, even for very small dimensions. We rea-
son that this correction scheme is far from being understood and may prove
fruitful for future explorations.

Intuitively it may seem that asymptotically defined quantities and the "curse
of dimensionality" completely exclude a numeric approach in quantum infor-
mation theory. Nevertheless, in this thesis we have successfully used numeric
methods to obtain the extreme point counterexample in section 3.3 and under-
stand the critical parts of the matrix analysis problems in appendix B. (Which
have altogether arisen from the application of separation witnesses.) A key
ingredient of our proceeding can be described as follows. Given a continuous
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target function f from U(d) to the real numbers, we want to obtain an analytic
solution of
min{f(U) : Ue U(d)}.

After calculating a numeric minimizer U, the hard part consists of "analytifying"
U, that is, replacing the entries in U by analytic values. We have achieved this by
successively confining the search space under the constraint that it still contains
the minimizer of f, until the latter becomes unique.

Concluding, it is reasonable that our analytic low-dimensional results can
be generalized to arbitrary dimensions. This may open a door for a concrete
understanding of e.g. environment-assisted error correction in the asymptotic
limit.
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Appendix A

Extreme Point Coefficients

The following algebraic values for the coefficients pq,...,us of X in (3.8) are
appropriate; we have obtained them basically by guessing and suppose that at
least polynomial degree three is required.

1 = é Rooty [—356 + 312z — 6622 + 32°] '/
. 13 1/2
1 (22 43 . 2%/3 (1+i\/§)_(977+2131ﬁ) (1_2_\@)
6\ 3 3(97+213ivD)"° 3-2%/8
= 0.21821,

e = Rooty [—1 +4322% + 25921‘3]

B R & A 1/37i<17i\/§)(1+3i\ﬁ)1/3
18 18 (143iv7) 2

= -0.14937,
1
H3 = 63
fta = Roots [1 — 6z + 1827
B (3D -3
622/ 3(2(-3+iv7)"°
= 0.18595.

The eigenvalues of X as calculated by Mathematica are then

11 1+/a
3’3 6 }
L1 023604 0.097285}
3’3 ’

AX) = {o 0,

= {0,0,
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with
o = Rooty [—25957 + 163107z — 78003z + 65612 ]
107 104-22 (140v3) 13 (1 iv3) (67 +23iv7)

2T 97 (67 +23iv7) " 27 2%/3
= 0.17329.

In particular, X is positive semidefinite with rank equal to 4.
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Appendix B

Matrix Optimization
Problems

B.1 Trace subject to fixed singular values

We solve the minimization problem posed in section 3.1.2 which handles a special
class of separation witnesses. Given any matrix A € B (H) = C%*<  denote the
singular values of A by o;(A) (counting multiplicity) such that

O'1(A) Z cee > O'd(A).

Our main result is the following proposition, which is similar to theorem 7.4.10
in Horn and Johnson (1990).

Propositign 25. Let A€ B(H) and 01 > -+ > 04 denote the singular values
of A. If AA is Hermitian, then there exists a permutation T of {1,...,d}, an
even r < d and a function p: {1,...,7/2} — {0,1} with

r/2 d
tr [AA] =2 Z(—l)p(i) Or(2i-1) Or(2i) + Z o2 (B.1)
i=1 1=r+1

Conversely, given any such 7,7, p and nonnegative numbers oy > -+- > g4, there
exists a A € B(H) such that 0;,(A) = 0; Vi and (B.1) holds.

Proof. We split the "=" part into the following steps:

1. tr [AZ] and the singular values of A are invariant under A — UAUT
for any unitary U. Note that this map sends AA — UAAUT, so by the
spectral theorem, w.l.o.g. AA real diagonal.

2. It follows that AA = AA = AA, i.e. A commutes with A, and each of
the eigenspaces of AA is invariant under A and A. Stated differently, A
is block diagonal, each block corresponding to an eigenspace of AA, so
wlo.g AA=MX1fora)eR.

3. The case A # 0: Applying the singular value decomposition yields unitary
matrices U and V such that A; := U'AV = diag(oy,...,04). Using

39



A =MXA""!, we have

Ay = VAU = A(UTAV) ™ = XA7! = Mdiag (07,07 ") .

A; and As sharing the same singular values translates to {o1,...,04} =

[Al {01_1, cee 051}, so there is a permutation 7 of {1,...,d} with
07(21’71) 0'7-(21') = ‘A| for i = 1,...,%, d even
Or(2i—1) O7(24) = ‘)\| for i = 1, ey d517 0'72_(d) = |)\‘ s d odd.

Note that d cannot be odd if A < 0 as the negative eigenvalues of AA are
of even algebraic multiplicity (Fabender and Tkramov 2006). Concluding,
tr [AA] = d X can always be written in the form (B.1).

4. The case A = 0: Let r denote the number of nonzero singular values of A.
AA = 0 means that range (4) C kern(A), so

r = rank(A) = dimrange (A) < dimkern(A4) =d —r,

i.e. 2r < d, and there is a permutation 7 such that each summand in the
right hand side of (B.1) is zero.

To prove the "=" part, set A := diag (Al, s A2, Oy e 70'7((1)) with

Ai — ( 0 (_1)p(i)gr(2i)) .

Or(2i—1) 0

Corollary 26. Given any nonnegative numbers o1 > «-- > oy,
min {tr [AA] : A€ B(H), 0;(A) =0;Vi}

_) 2 Zflfl 02i-102i, d even (B.2)
—2 2?511/2 02i-102; + 03, d odd.

Proof. What remains to be shown is AA being Hermitian for all solutions A;
then proposition 25 guarantees optimality. All relevant terms are invariant un-
der A +— VAVT for unitary V; applying this to the singular value decomposition
of A, we may w.l.o.g. assume that A = UD with D = diag (o1,...,04) and U
unitary. Now vary U to minimize tr [AZ]; the unitary constraint translates via

UdUut+ dUUT =d(UUT) =0

to X :=idU U' being Hermitian. Then

o d —
= 2Retr [DdUDm
=2Imtr [UDUDX] .
This holds true for any Hermitian matrix X. By decomposing UDUD = B; +
iBs, B and B> Hermitian, it follows that By = 0. O
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B.2 Absolute trace under constraints

In this section we calculate the analytic solution of max |tr U| for fixed tr [UU]
over all unitaries U € U(d). The motivation for this optimization problem comes
from equation (4.4) and proposition 22 in section 4.2, which characterizes the
convex hull of unitary channels within the set of orthogonal-covariant channels.

We need the following lemma for proving the main result in proposition 28.

Lemma 27. Let U € U(2) be a unitary 2 x 2 matriz and Uy := 5 (U +UT) the
symmetric part of U. Then the 1-Schatten-norm' of U, equals

10, = 3 0y (U) = \Jur [UT] +2.

7j=1,2

Proof. There are «, 8 € C such that up to an unimportant phase factor
U= ( © g) with  |af? +|8° = 1.
Direct calculation shows that

tr [UT] :2(|a\2 ~Re (52)> :4(|a\2+(1m5)2) _9 (B.3)

and

Usz(“f;ﬂ “j}ﬁ), v = (jof + mp)?) 1, (B4
SO
> 03 ) = 2/l + (mp o 0T 42
j=1,2
O

Proposition 28. Let d > 1 be odd. Then for all x € [—1 + %, 1], there exists
a unitary U € U(d) such that d~*tr [UU] = z, and

max {d~' [trU| : U € U(d), d"'tr [UU] = z}
HEICES IS

Proof. Set o := % [5(1- é) (1- % +x)}1/2 €[0,1], B:=+v1—a? and 0 :=
(f‘B g), then a short calculation shows that U := diag(o,...,0,1) satisfies
d~'tr [UU] = « with d~! [tr U| equal to the right hand side of (B.5). So what
remains to be shown is an upper bound on d~! [tr U]. B

Let U € U(d) be a unitary matrix with d~'tr [UU] = x. By the Youla
theorem (Fakbender and Tkramov 2006), given any conjugate-normal matrix A
(that is, AAT = AT A), there exists a unitary map V such that VAV7 is a block

=

1
IThe p-Schatten norm (p € [1,00]) of A is defined by A, = (tr]AP)r = (>, 00,
where o; are the singular values of A.
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diagonal matrix with diagonal blocks of order 1 x 1 and 2 x 2, the 1 x 1 blocks
corresponding to the real nonnegative eigenvalues of AA and the 2 x 2 blocks
corresponding either to pairs of equal negative eigenvalues of AA or to conjugate
pairs of non-real eigenvalues of AA. Applying this to U, there is a unitary V with
U = VDVT, the block diagonal matrix D as described. Let /2 be the number
of 2x 2 blocks (with even r < d) and denote these blocks by D;. As U and V are
unitary, so must be D, i.e. D; € U ( ) for all i. Moreover, UU unitary guarantees
|A| = 1 for each eigenvalue \ of UU, so each real nonnegative eigenvalue of UU
must be 1. Altogether one gets D = diag (Dl,.. s Dey 1, 1). Set ¢; =
1 5 tr [D j —1,1] and D; (D + DT). Using lemma 27 and the fact that
V Vs umtary and symmetrlc,

trU| = |tr [DVTV]| = [tx [Ds VTV |<Zo—]

r/2 T/Q c+1
=> > 0i(Dig)+(d-1)=2- Z,/’ +d—r

i=1j=1,2

Let c:=d -z € [-d+2,d]. A little thought shows that the problem

r/2
/1 1
max 22 C+

subject to the side conditions

r/2
2~Zci+d—7‘:c
i=1

€[-1,1] foralls
reven, r < d

c~1Vi and the obtained maximum is

has optimal solution r = d — 1, ¢; =

d3(1-3)(1-24¢)] Y241, This upper bound on |tr U| corresponds exactly
to the right hand side of (B.5). O

B.3 Trace, partial transposition and symmetry

Motivated by equation (5.1) in chapter 5, we investigate

) 1 —Ta] 1 T
mm{dlthr[UﬁUs | =5 w+uT),

o [T :y}

for Hilbert spaces ‘H and K with dimensions d; and ds, respectively, and provided
y € [=14 2/dyda, 1], where d; > 3 is odd.

The partial transposes 7t and 72 are defined w.r.t. a fixed product basis by
the linear extension of

(AeB)"" =AT @B and
(A9B)» =A@ BT, A9BeB(H®K),

(B.6)

U € B(H®K) unitary with 7
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respectively. Note that for any A and B,
tr[AB"] =t [AT BT],

and for any real or complex A with AT = A, the partial transposes are on
equal footing, i.e. ATt = AT2 5o (B.6) is inherently symmetric with respect
to di < dz. In what follows, the operators in B(H ® K) are represented with
respect to the ordered computational basis (|11),]12),...|1da),...|d1d2)).

Immediately by the definitions, all quantities in (B.6), especially the mini-
mizers, will stay invariant if we send

U — (W@ Wa)U (Wy @ Wa)T

with arbitrary unitaries W7 € B(H) and Wy € B(K).

Since every unitary matrix is also conjugate-normal (that is, U U = Ut U),
the Youla-theorem? states that there exists a unitary matrix V € B(H ® K)
such that

U=vVDV"

with D real block-diagonal and blocks of size 1 x 1 and 2 x 2, the former non-
negative and the latter of the form (¢ —?) with ¢ > 0. Since D must also be
unitary, this equals (‘;’jg Zz‘snﬁﬁ) for a ¥ € R, and all 1 x 1 blocks are 1. Note
that

1
U, =VD, VT, D,:= 5 (D + D") >0 diagonal,

in particular, D; contains the singular values of U,. Moreover, tr [Um =
tr [DE] is independent of V', so D fixes y in (B.6) and one can freely vary
V. Conversely, Takagi’s theorem (Horn and Johnson 1990) asserts that every
complex-symmetric matrix A € C™"*" can be decomposed into

A =Vdiag(o1,...,0,) VT (B.7)

with unitary V and o; > 0 for all ¢, so identifying A = U, and diag (o1,...,0,) =
D;, the minimization problem (B.6) can be reduced to the following problem
and a subsequent optimization over D,.

1 _
min{d 7 tr {AATQ} cAeBH®K), AT = A, 0;(A) = aiVi} . (B.8)
102
This closely resembles (B.2), and we have effectively decoupled the target func-
tion from the peculiar unitary constraint in (B.6).
Proposition 29. Fvery (local) minimizer A of (B.8) satisfies AA" Hermitian.
Proof. Denote the derivative w.r.t. V in (B.7) by dV; since V is unitary,

Vavi+davvi=d(vvih) =0

2Refer to Youla (1961) and Fafbender and Tkramov (2006, theorem 4). The Youla-form
corresponds to the Schur-form w.r.t. unitary congruence transformations A — VAVT and is
a generalization of Takagi’s factorization (Horn and Johnson 1990).
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so X := %dV VT must be Hermitian. Plugging

d—c‘l/A = dV diag (o;) VT + Vdiag (0;) dVT =i (XA + AXT)

into the target function (B.8) yields
d —I2] . T 12
ot [AA7] =it | (xA+AxT) 27
it [A(XA+ AXT)TZ]
=20t [X AA"] —itr [AT (XA +AXT)']
= 2itr[X (44" - AT )]
—2itr[X (44" ~ne)| Lo
As this must hold for any Hermitian X, the last equation can only be fulfilled
it AA" is Hermitian. O

It is instructive to rewrite the target function as follows, setting o := (01,...,04,d,)-
Denote the columns of V by v;, i.e. V = (v1]...|vayq,), then A = 3, 0 v;0l
and

1 —T]
ol (44" = (o1 G o),
G = (9i5) Hermitian with (B.9)
1 —T
9ij = Etr [Ujva viviT } .

Writing
v; =: Z k) @ zig, i €K,
k

the last expression becomes

S w1 Wewwad) () (k@ (@awak)")]

gij =

didz kKL
1 .
= 7 Ztr;g [iﬂngCJTlxzka
1d2 43
1
=i D @i | @) (i | 25n)
k.l

1 2
gl s = Ceal e s a,

V being unitary translates to

|
trsg =Y (@i |2jk) = (vi ;) = i
k
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In the following paragraph we provide an explicit upper bound?® of (B.6) for
di = ds =: d and d = 3. Start with the Ansatz that all 2 x 2 blocks in D belong
to the same phase, i.e.

_ (cos ¥ —sind

®4
sin ¢/ cosﬂ) ®1, G€[0,n/2], so

1 — 1 1
ﬁtr [UU] = ?tr [DD] = 9 (16 cos®> 9 — 7) = Y, (B.10)
and set
i i % 1
vz 26 C2V2 V3
% 3 1
7 -3 e
V2 V)
i 3 1
8
V= v i iﬁ L
V6 . V2 ) V3
V2 V2
_ 1 _t
L V2 V2
4 V2 V2 .
V2 26 T2 V3
independent of 9! Then D, = diag(oy,...,09) with o1 = --- = gg = cos 9,
09 =1, and G in (B.9) becomes
3 11 9
80 Lo -2 o 0 -1
3 1 3 3 3
0 3 3 § —3| 0 -5 -~
11 1 3 1 1 1 1
-5 § 32 |73 1 § |-z § -1
1 3 3 3
R I e
— 9 3 3 3 3 3 3 9x9
G=o| -5 5§ ~1|-1 3 §|-1 § ~1|eQ
3 1 3 3 3
0 -3 g |0 § 5|0 -5 -1
1 3 3 3
0 0 -1|-3 -2 o3 o -1
3 1 3 3 3
0 -3 g |0 § —3]0 5 -1
-1 -1 -1}/-1 -1 —-1}-1 -1 1

Finally evaluating the target function provides the supposed minimum

%tr {Ugan} =(0|Go) = é <—§(cosz9+1)2—|—3> (B.11)
with 9 defined by (B.10).

Interestingly, the smallest eigenvalue —d% of G is of algebraic multiplicity
1 with corresponding eigenvector (1)) evaluated at ¥ = 7/3 and coordinates
—%(1,1). Furthermore, (B.11) is minimal w.r.t. ¥ exactly for ¥ = 0, which
corresponds to maximal y = %tr [Um =1land 01y = - = 042 = 1. In this
case, D is the identity and U = V VT complex symmetric. Comparing with
section B.4, notice that we obtain the same minimum value —22

27"

3Numeric tests strongly suggest that this is the actual minimum. Most interestingly, the
acclaimed minimizer V' does not depend on 9!
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B.4 Partial transposition, trace and distinct di-
mensions

We explore the following minimization problem posed by equation (5.4) in sec-
tion 5.3.

1 =Ts .
min tr {U UT} : U eB(H®K) unitary ¢, (B.12)
didy

where H ® K is the tensor product of two Hilbert spaces with dimensions d; =
dimH and ds = dim K, respectively, d; being odd. The partial transposition is
introduced in B.3. Note that any transformation

U— (VT®W1T) U (V®W2) (B.13)

for unitary V' € B(H) and unitary Wi, Ws € B(K) leaves the target func-
tion invariant. Restricted to tensor products U = U; ® Us, the target function
would collapse to i tr [Ulﬁl] > -1+ d%, which is in general strictly greater
than (B.12), see below. It is worth mentioning that (B.12) is inherently asym-
metric w.r.t. d; <> da, as opposed to the previous section B.3.

Proposition 30. UUTQ is Hermitian for every minimizer U of (B.12).

Proof. As in previous sections, we differente the target function with respect to
U. As U is unitary, X := %dU UT must be Hermitian, and we get

d—dUtr [UUTQ} —itr {XUUTQ} —itr [UTl (XU)T}

=1qtr {X (UUT2 — h.c.)} 0.
This holds for any Hermitian X, so UU * must be Hermitian, too. O

Disassembly and reformulation Let X = B (K) be the Hilbert space equipped
with the Hilbert-Schmidt inner product

(A|B) =tr [A" B]

and induced Frobenius norm?*

1/2
41l = y/tr (4t 4] = (zai<A>2> .

By partitioning U into U = Ziljzl [7) (j| ® u;; with u;; € X we can now

reformulate the target function (B.12), namely

tr {UUTQ] = Z (uij | wjs) -

(]

4This is exactly the p-Schatten norm lAll, = >, O'i(A)p)l/p for p = 2.
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The condition U unitary translates to

UUt =1 e Y ulun=0u1 Vik=1,...d

& Z(uiﬂuikx): ik (llz) =0tre Vi kzeX

?

and the condition in proposition 30 to

—T: ..
UU ° Hermitian < Zu’” uzj = Zuik ujz
i i

& Z(uzﬂxu,ﬂ) :Z<uﬂ|xulk> Vi k;izeX.

2

Note that these equations can be rewritten in terms of the Hilbert-Schmidt inner
product as shown.

Quaternion structure In this paragraph we assume do = 2 and set d = d;.
Numeric tests suggest that in this case, the minimum value (B.12) is

2
-1+ PE (B.14)
Interestingly, there emerges a substructure which is best described by quater-
nions. Recall that quaternions

H={zo+z1i+z2j+x3k : 20,...,23 € R}

are a non-abelian division ring and form a 4-dimensional normed division al-
gebra over the real numbers. We regard R and C as subalgebras of H, and
the quaternion-conjugate of ¢ = x¢g + x1% + z2j + z3k € H is denoted by ¢*.
Furthermore, define Req :=xg and ¢:=q— Req=x1i+ x2j + x3k.

To bridge the gap between quaternions and operators on Hilbert spaces,
employ the SU(2) identification®

’i<—>i—7;0 '<—>i—01 k1 —Oi
%= \o —i) ITTwT\1 o) 92 =\; o)

Note that in this representation

. [ mo+ixy T2+ix3 2%2
qu_(—Iz—i—i.ﬁg xo—il‘l)ec (B15)

the quaternion conjugate is the Hermitian conjugate of the corresponds matrix,
and the quaternion norm is the square root of the determinant,

¢ =4l = vdet(q).

Let H? be the d-dimensional "vector space" over H with multiplication from
the right, then each linear transformation on H? can be represented by an d x d
matrix A € H?*¢, The identification (B.15) provides an algebra isomorphism

5This convention is different from Bunse-Gerstner et al. (1989).
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between H?*? =~ R4 @ H and the complex 2d x 2d matrices consisting of
2 x 2 blocks (B.15); to obtain Az, define u,v € C? by x =: u — jv and set
T = (ul,vl,...,ud,vd)T € C2; then Az corresponds exactly to AZ. In the
following it will be clear from context which representation is employed.

For all A € H%?, the component-wise quaternion conjugate A* and the
quaternion conjugate-transpose Af are intuitively translated to

—T» R
A= A , Al — AT

Consequently, we say that A is Hermitian AT = A.

As in the article by Bunse-Gerstner, Byers, and Mehrmann (1989), call A €
C, ImX > 0 an eigenvalue of A with corresponding eigenvector x € H? if
Ax = zA. These are exactly the eigenvalues of A which have nonnegative
imaginary part. Note that most of the well-known linear algebra theorems can
be generalized straightforward to quaternions.

Proposition 31. Let A € H%*? be Hermitian with eigenvalues —1 & d, the
algebraic multiplicity of (—1 + d) being % and of —(1 4 d) being %, respec-
tively. Suppose A can be chosen such that Re A = 0, then there exists a unitary

UeB(H®K) with
2

1 —T5
U7 = -1+ 5.
2d" e
Proof. A* = —Asince Re A = 0, and consequently A7 = —A. Set U = é(l—l—A),
embedding H*? into C¥*?®C?*2 as described above, then U will be Hermitian
and unitary since the eigenvalues satisfy A(U) = 4 (1 + (—1+d)) = £1. Using

U= L(1+4%) =1(1- A), it follows that

1 11 1 ) 2
The isomorphism (B.15) introduces an additional factor 2 into the trace, which
cancels % in the last equation. [

Note that the conditions on A can be rephrased as follows. A € H%*? is
Hermitian with Re A = 0 such that A% +2 A4 — (d*> — 1)1 = 0. The requirement
Re A = 0 implies the respective eigenvalue multiplicities via tr A = 0.

To show that proposition 31 is not void, we provide explicit examples of A
meeting all requirements for d = 3 and d = 5, namely

0 —i
A=214i 0 —k
-5 k0
and
0 -2 125 2k @ —2j
2i 0 0 —2j 4k
A=|[V125 o0 0 —V12i 0
-2k 25 V120 0 —2i
2  —4k 0 2i 0

respectively. Note that for these quaternion models, U is Hermitian, as well as
T2 . . -
UU ?, in agreement with proposition 30.
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Higher dimensions The following table B.1 contains numeric results for dif-
ferent values of d; and dy. We have employed U = exp [i X| with Hermitian
X to represent unitary matrices. The local convergence error is about 1075,
but it is still difficult to find the global minimizers. Quite remarkably, it seems
that the lower bound® —1 can be obtained for d; = 5 and ds = 4, and that the
corresponding minimizer can be chosen real orthogonal.

di || da=1 2 3 4 5
1 11 1 1 1
3 _1 1 _2 _4 _31
3 9 27 5 45
5 -2 -2 -0929151... -1 —0.976326...
7 -z -4 ? ? ?

Table B.1: Numeric solutions of (B.12); the columns correspond to different
values of ds. The case do = 1 can be treated analytically by an eigenvalue argu-
ment and is a special case of B.1. Note that dy = 2 is in agreement with (B.14),
and for d; = ds = 3 we obtain the same value as the minimum of (B.11) with
respect to 9. In agreement with the nature of problem, the table is asymmetric
under d; < ds.

6The fact that the range of the target function (B.12) is contained in the interval [—1, 1]
follows from the original equation (5.1) and the spectrum A(F) = {—1,1}.
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