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Chapter 1

Introduction

Many-particle quantum mechanics gives — in its natural setting — rise to a Hamil-
tonian H which contains only single- and two-particle interactions (e.g., the
Coulomb repulsion of electrons), although the number N of particles may be
arbitrarily large. Consequently, the static energy of the system is completely de-
termined by the two-body reduced density matriz (RDM) of the N-particle wave-
function ¥ (i.e., an N-representable density matrix). In mathematical terms,

(U | HU) = tr [hTy] , (1.1)

where h describes the two-body interaction and I'y is the two-body reduced
density matrix of W. In case of fermions, the Pauli exclusion principle states
that the total wavefunction must be antisymmetric — a key property contributing
significantly to the degree of difficulty. Nevertheless, equation (1.1) states that
the ground state of the system can be found by solving a linear programming
problem on the set of N-representable two-body density matrices instead of
a quadratic minimization problem on the full N-particle wavefunctions. This
may open a door to escape the "curse of dimensionality" and motivates the
N -representability problem:

Give a "practical”" characterization of the set of two-body reduced density
matrices which are N -representable.

Although reduced density matrices were extensively studied already fifty
years ago by, for example, Yang (1962), Coleman (1963) and Lowdin (1955),
new results have been obtained only very recently by Ruskai (2007) and Liu
et al. (2007), who study the N-representability problem from a complexity class
perspective, and Mazziotti (2007), who uses two-body reduced density matri-
ces as key tool for the numeric solution of physical problems. Nevertheless,
a complete analytic picture of the N-representability problem in the light of
physically-motivated applications to, e.g., high-temperature superconductors,
is still missing.

This work takes two approaches. In chapter 3, properties of fermionic re-
duced density matrices are investigated on a fairly abstract level, including a
detailed analysis of one-body reduced density matrices (sections 3.3 and 3.4),
the explicit determination of the two-body RDM eigenvalues for low dimensions
(section 3.5) and pair structure inheritance (section 3.6).

In the second part of the thesis, we extend very recent work by Friesecke and
Goddard (2008b,a) on the (non-relativistic, Born-Oppenheimer) many-particle



Schrédinger equation for atomic hull electrons in second-period atoms. The key
lines of thought are as follows. Perturbation theory allows to project the full
Schrédinger equation onto a finite-dimensional subspace of L? wavefunctions
spanned by (dilated) Hydrogen orbitals. Most importantly, the well-known fact
that the total angular momentum, spin and parity operators commute with the
Hamiltonian still holds on the subspace which is invariant under these oper-
ators. Consequently, in order to block-diagonalize the Hamiltonian, one cal-
culates the simultaneous eigenspaces of angular momentum, spin and parity,
which is basically an algebraic problem independent of the Hamiltonian. The
contribution of this thesis is as follows. Starting from ab initio calculations, we
investigate the 3d vs. 4s orbital occupation in potassium, calcium and the tran-
sition metals scandium to zinc — which cannot be explained comprehensibly by
semi-empirical chemists’ models. To this end, we develop a symbolic computa-
tion pipeline automating the second-period calculations, since computation "by
hand" becomes infeasible for higher dimensions. These efforts have resulted in
an effective Coulomb integral solver using the computer algebra system Math-
ematica, and the Matlab toolbox FermiFab, which handles the fermionic RDM
index mapping, incorporates the symbolic Coulomb integrals, performs numeric
optimization and converts the results into human-readable form.


http://sourceforge.net/projects/fermifab

Chapter 2

Basic Concepts

We always assume that H is a finite-dimensional or separable Hilbert space.
By ANH we denote the antisymmetrized N-fold tensor product (see Standard
Example 27 in the appendix).

Definition 1. Let ¥ € ANH, ||U| = 1, then its p-body reduced density matrix
v (1 <p < N)is a linear continuous operator N\PH — NPH given by

(x|7he) = (a,P | a,¥) = <\I/ | aLaX\I/> Y, x € NPH,

where CLL and a, are the creation and annihilation operators of the states ¢ and
X, respectively. We denote the one- and two-body density matrices by vy = 73,

and T'y :==~3,.

The integral version of the creation and annihilation operators for L? spaces
(given in the appendix) allows us to identify 74, as an integral operator: for all
p € N\PH,

/ /

(o p) (@1,...,zp) :/ Yo (T1, ..y xp,xy, @) e(@h, .. x) dad . da,
Qp

with the integral kernel (also denoted by ~%,)

p / Y.
Yo (s -0 TpyTY, o, T,) 1=
N
V(X1 s Tpy Tpt1s-- -, TN)
p QN-p
/
X U(x, . Ty Tpt, -, ON) dTpyr - day,

Thus we can state the following

Theorem 2. 4, is compact, self-adjoint, nonnegative, trace class and has trace

N
tr’yg:/ 'yg,(xl,...,xp,xl,...,xp)dxl...dxp( )
Qr p

Proof. ~%4, is positive semidefinite as
2
(e175e) = la,¥||” >0 Vo € APH.

The other assertions follow from the properties of integral operators given in
the appendix. O



Assuming that the linear, self-adjoint Schrédinger operator H contains only
one- and two-body interactions, it can be rewritten as

H=> hap
a<f

for some h : A2H — A?H. Given a complete orthonormal system (i;), in A?H,
in terms of Second Quantization,

H=> (pilhg;)al,ay,.
2]
Now we gain equation (1.1): for all normalized ¥ € ANH,
(| HY) =Y (i | he;) (¥ |al, a,, ¥)
2

=" (@il hes) (s I Tus)

,J

=2 (@il ATwi) = tr[Aly ]

An immediate consequence is the following formula for the ground state energy:
Proposition 3. Let H be given as above, then
infspec H = inf {(¥ | HV) : ¥ € ANH, | U] =1}
=inf {tr[AT'y] : ¥ € ANH, |T|| =1},

i.e. the ground state energy can be found by minimizing over the set of N-
representable two-body density matrices.

Note that for the minimization problem, it is sufficient to characterize the
set

1.
conv{Ty : U € ANH, |¥]| =1} ler

To illustrate the complexity reduction, let K := dim’H < oo and compare
the degrees of freedom:

I'y €eB (/\27{) ~ C({j)x(’;)’ whereas
U e nVH ~ ).

Note that asymptotically for 1 < N <« K, one gets (12()2 ~ K*, but (g) ~ KN,

Finally, we connect reduced density matrices to quantum channels', a well-
known concept studied in quantum information theory. In the formalism of
second quantization, the p-body reduced density matrix 7 of a fermionic N-
body pure state ¥ can be written as

7@; = trp—!—l,---,N‘\I]><\Ij| = Z Qlipigyeying |lI/> <\II| alJri 1yeinN)

Ipt1<- <IN

LFor an introduction, refer to Nielsen and Chuang (2000).



By a linear extension to density matrices on ANH, we get a completely positive,
(up to the normalization factor (]Z )) trace preserving quantum channel

v B (/\N'H) — B(APH)

with Kraus operators aj;,,, . iy forall 1 <i,.q <--- <iy <dimH.



Chapter 3

Properties of Fermion Density
Matrices

3.1 General characteristics

By the Hilbert Schmidt theorem, there is a complete orthonormal system (¢;);
in APH of eigenvectors of 7%, i.e.

7@%01‘ =Npi, MER for all 7.

Consider the one-body case p = 1. By Standard Example 27 in the ap-
pendix, ¥ can be expanded in (p;; A+ A LPiN)¢1<...<1:N~ The following proposi-
tion shows that it is sufficient to consider eigenvectors with nonzero eigenvalues
only, which will be particularly interesting if rank v¢ < co.

Proposition 4. U can be expanded as a linear combination of Slater determi-
nants constructed from eigenvectors of vy which belong to nonzero eigenvalues.

Proof. What remains to be shown is the following: if vg¢; = 0, ¢; won’t show
up in the expansion:

lag, W|I* = (i | ywepi) = 0.
O

Note that 7% contains less information the smaller p gets, or more strictly
speaking:
Proposition 5. Let U € ANH, | U|| = 1, then v% can be obtained from ~5™.
Proof. For any complete orthonormal system [i), of H,

Z<i1/\~--/\ip/\k|7$+1j1/\~~/\jp/\k>
k

= <\Il|a}1~--a;p <Zﬁk> aip---ail\ll>
k

= (N =p)(ir A= Nip | vy Ji A Adp) -



Proposition 6. Let ¥ := 1 A-- Ay be a Slater determinant with orthonormal
P1,...,¢n € H. Then ~%, is the orthogonal projection on the subspace spanned

by (¢i1 ARERRA z/)Z'zo>z'1<~~-<ip'

This can be seen by an explicit calculation or derived directly from the
definition of ~% using creation and annihilation operators.
It is currently not known whether the converse is also true, except for p = 1:

Proposition 7. VU is a Slater determinant if and only if vg is an orthogonal
projection.

Proof. Ounly "<" remains to be shown. From o (yg) = {0,1} and tryg = N it
follows that rank vy = N. That is, by proposition 4, ¥ can be expanded into a
single Slater determinant. O

We make use of the anticommutator relations for creation and annihilation
operators to show the following proposition, which is intricately connected with
the antisymmetry constraint of the wave function.

Proposition 8. The expected values of vy are in the range [0, 1].

Proof. We have already shown that ~y is positive semidefinite. vy < 1 follows
from
2 2
(plrwp) = (¥lala,¥) = (V| (1 - agal) ¥) = ¥|]° — [jal P[] < 1.

O

We state a classification of the ranks of fermion one-body density matrices.
A proof has been given by Friesecke (2003).

Theorem 9. There exists a ¥V € ANH such that rankyy = K, if and only if
1 N=1
K= > 2, even N =2
>N, A#N+1 N>3

In particular, rank vy is at least N and cannot be equal to N + 1.

Given an unitary operator U : H — H, we obtain an unitary operator (also
denoted by U) acting on ANH by

U(il/\"'/\iN) = (U’Ll)/\/\(UZN)
Proposition 10. Given such an unitary operator U,

UvieU =4



Proof. We use

U*aJ{MU =al

v Uray,U = al for all p € ANH

©

to get
(x| U g Ug) = <U\If | aTWaUXU\I/> - <x1/| (U*a}MU) (U*aUXU> \11>
= (V| aLaX\I/> = (x|75e) forall p,x € A\PH.
O

This might be a starting point for a simplification of the problem: introduce
equivalence classes on ANH by ¥ ~ & <= U = U® for some unitary U.
As an immediate consequence of proposition 10, the convex hull

conv{~} : ¥ e ANH, ([P = 1}

is invariant under these unitary transformations, since

n n
i=1 i=1
forall0 < ay,...,a, <1withay +---+a, =1.

3.2 Duality between 4y, and vfl,v P

We may further expand the concept of the annihilation operator: define an
antilinear operator

A AN () = a0 0= (0) [ S a

where z € QV~P and y runs over all QP. Note that for all ¢ € APH and
x € AN"PH,

<x\¢’s@> = (JZ)% /QN x(@)e(y) ¥ (y, x) dz dy

— -y (™ )é [ @,y dady

= (F)@ 2 (o b)),

where the sign factor comes from the permutation (y,z) — (z,y). Using this
property, it follows that

() = (0, @) = (B b)) = ()PP (x| %)

for all p, x € APH, i.e. R
Yo = ()PP,



Proposition 11. There is a one-to-one correspondence between the normalized

eigenvectors of 74, and 'yfl,v_p with the same nonzero eigenvalue.
Proof. Let

e =Xp, A>0, ¢eAPH with ||¢] =1.
Define

i(N=p)p

= W,
X ) ¥

then [|x|| =1 as

2
- 2
|| = llapwl® = (o 1950) = A (e 1)
and y is an eigenvector of V\JI,V ~? with eigenvalue . In fact,
N [ = R R .
Yo (‘Iﬂp) = (—)WTPPERp = Dnfp = A (‘I'so) :
Applying the same rule to x, we recover the original ¢:

ip(N=p) —1)p(N-p)
7 ‘Ifxz( )A Vo = Tpe = ¢,

If ¢/ € APH is another normalized eigenvector of A perpendicular to ¢, then x’
is perpendicular to :

1) = 5 (36 1F0) = 5 (0 150) = (o] &) =0.

Note that 44, is Hilbert-Schmidt, hence all nonzero eigenvalues have finite mul-
tiplicity and eigenvectors corresponding to different eigenvalues are orthogo-
nal. O

3.3 Decomposition of the one-body density ma-
trix
We first derive a formula due to Ando (1963). Let |i), be a complete orthonormal

system of eigenvectors of g with corresponding eigenvalues \; such that A\; is
the greatest eigenvalue. ¥ can be expanded in Slater determinants as follows:

v = Z 1‘]|i1,...,iN>, zy € C.

I=(i1,...,iN)
1< <IN

Set

b, = Zx; lig,...,in) € AN=IH  and
lerl

Py, = Zl‘[ |i1,...,iN> S /\N"'{7
1¢1



then ¥ = a{@a + ®,. From that,

(i) = (V] ala;¥) = (@, |arafaial@, )
+ <¢b ‘ a;aia1¢a> + <¢a | a/la;a/i(bb> + <(bb | a;ai¢b> .
Since a1 P, = 0, the first term equals
P Taal®y ) = | @)1 G| 1) (1]5) + (@4 | ala; @
o laraja;a1®q ) = [|Pa” (0]1) (1] J) + (Pa | ajai®q ),
and
2
[@a]” = (1]7wl) = A1
Iff ®, = 0, we have A = ||®4* = ||¥||* = 1; then

Yo =[] + 7o,
Now, let \; # 1, i.e. A; < 1.
Clearly, <<I>a |a1a;ai¢)b> is zero for 4 = 1 and 4,5 # 1. In the remaining

case i # 1,7 = 1 it equals (i|vg1l) = 0, i.e. it vanishes altogether. Note that
this implies the total orthogonality of ®, and ®;, (P, ]a;®,) = 0 for all i. An

analogous argument shows that <<I)b | a;aia];@a> =0 for all 7, j.
Set

(0]
U,:=—=— and Up:=—_—-
120l

then the decomposition can be written as
(i]ywg) = M G (MG + A (@l yvw,d) + 1ol Gl yw,5) -

Using
N =tryw =Y (i|ywi) = M+ A(N = 1) + N [ @],

we get H‘I)b||2 =1 — A;. Summarising finally yields
Lemma 12. vy can be decomposed into
o = M+ A, + (1= A7, (3.1)
where ¥, € ANTYH and ¥, € ANH are normalized functions such that
\II:\/)\T-aI\Ila—i—mﬂllb and
a¥,=0, a1¥, =0, (VU,|a;¥p)=0 Vi
In the following we need another lemma which can be found in Ando (1963).

Lemma 13. In the decomposition (3.1), if v, has a normalized eigenvector ¢
belonging to the eigenvalue 1, then ¢ will also be an eigenvector of vy belonging
to the eigenvalue A, and a,Vy, = 0 when A\ # 1.

10



Proof. Since A1 is the greatest eigenvalue of vy, the assertion follows from

M > (e ree) = MO+ M (@] yw,0) (1 — M) (0| 7w,0) > Ar
————

=1
O

Now we can proof a slightly sharper form of a result due to Ando (1963).
Proposition 7 handles the case rankyy = N, and rankyy can never be N + 1,
by theorem 9. The next simplest step is therefore rank N + 2.

Proposition 14. Let rankyy = N + 2. Then,

e if N is odd, A\ = 1 and each of the remaining nonzero eigenvalues will be
evenly degenerate,

e if N is even, each nonzero eigenvalue will be evenly degenerate.

Let {¢1,...,on12} be the set of orthonormal eigenvectors of vy corresponding
to nonzero eigenvalues A1, ..., A\ny2, respectively. Then W is a linear com-
bination of, at most, XX (N odd) or & + 1 (N even) Slater determinants
constructed from these eigenvectors.

Proof. If N = 1, rankyg cannot N + 2 by theorem 9. If N = 2, in the decom-
position 3.1, ¥, =: ¢y € H is a function of a single particle. Using lemma 13,

Yo = Atlen){e1] + Alw2) (2| + (1 = A1) e,

and thus A\; < 1 is at least doubly degenerate. Since rankyy, must be equal
to 2, Uy is a Slater determinant: ¥, = @3 A ¢4 with orthonormal ¢1,..., 4.

Finally,
U= +VA-p1iNpa+V1—=X-p3Aps4

is a linear combination of 2 Slater determinants, as required. For general N,
consider again the decomposition (3.1):

Yo = A1) (o] + AMve, + (1 — A1) Yo,

The case A\; = 1: then the last term vanishes, and since a,, ¥, = 0, every
eigenvector of vy, is also an eigenvector of yg¢ with the same eigenvalue. From
rankyy, = N + 1 we gain the assertion by induction. Note that ¥ = ajp Y,
hence the number of Slater determinants in the expansion of ¥ and ¥, is the
same.

The case A\; < 1: we have rank~yy, < N + 1 as rank~yy > 1 + rankyy,.
(Note that ¢, and g, are positive semidefinite.) By theorem 9, rank vy, #
N + 1, hence rank vy, = N and U, is a Slater determinant. Thus, there are
orthonormal 1,...,9¥ny € H such that ¥, = ¢; A --- A ¢y, and vy, is an
orthogonal projection on the subspace spanned by 1, ..., ¥xN.

We show next that, on the contrary, ¥, cannot be a Slater determinant:
assuming ¥, = x2 A--- A xn, each x; is an eigenvector of vy, with eigenvalue
1; thus by lemma 13, it is also an eigenvector of vy, and (x; |1;) = 0 for all 4, j.
This means that rank v¢ = 2NV, contradicting the assumptions if N > 3.

11



In the sole remaining case rank~yy, = N + 1, the range of vy, must be

spanned by 1, ...,¥y and one more additional vector, denoted 1n ;1. Hence
W, can be written as
v, = Z Liy,nin_1 1/)1& ARRRNA wiN—l'

1<ii<--<in—1<N+1

By3.1l,foralli=1...N, 21 i—1,+1,..5 = (Yq]|ay, ¥ps) =0, ie. only configu-
rations with iy_; = N + 1 contribute to the sum. Thus 941 is an eigenvector
of vy, with eigenvalue 1, and - by lemma 13 - also an eigenvector of vg. Without
loss of generality we may assume @9 = N 11.

Applying the decomposition 3.1 to ¥, yields

Yo, = |e2){(p2| +7s,

where ® € AM72H and rankys = N. Let xi,...,xn be the normalized

eigenvectors of 4 belonging to nonzero eigenvalues uq, ..., uyN, respectively.

Since these eigenvectors span the same subspace as {¢1,...,¥n}, we have

Yo, = ZZ]\LI Ixi){(xi|, and without loss of generality, Uy, = x1 A -+ A XN
Putting everything together, it follows that

N
v = Mlen)(er] + Ml (o] + D api + 1= M) [xi) (xil-
i=1

Thus we have identified the y;’s as eigenvectors of vy, that is, without loss of
generality, ;42 = x; for all4 =1... N. N cannot be odd, since otherwise, by
induction, uq = 1 and @3 was an eigenvector of vy with eigenvalue 1, contra-
dicting A1 < 1. But NV being even, each pu; is evenly degenerate and hence also
the eigenvalues of vy. Note that

U = aLl‘I’a + WUy, = aLl\Ila + Uy, = aLlaL2<P+g03 AN N PNt2.

Since the eigenvectors x1, ..., xn of 7o are also eigenvectors of vy, the asserted
expansion of ¥ follows by induction. O

A generalization of the assertion for the case N = 2 in proposition 14 can
be found in Friesecke (2003):

Proposition 15. Let W € ANH, | ¥]| = 1. If N =2 mod 4, then each nonzero

N/2

eigenvalue of vy’ "~ is evenly degenerate.

The proof uses the self-duality of fy‘JI,V /2,

3.4 The convex hull of one-body density matrices

It is a well known fact in physics that the ground states of non-interacting many
particle systems are Slater determinants. In this section we present a rigorous
mathematical proof that Slater determinants actually are the extreme points of
the set of one-body density matrices.

Let H be a separable Hilbert space. For every trace class A : H — H with

Ap =) Nilpilo)pi YoeM, (pilp;)=0dj, MEeER,
=1

12



the trace norm equals
1A =Y Il (3.2)
i=1

Theorem 16. Given a separable Hilbert space 'H,

I
conv {yy : ¥ e ANH, ||¥| = 1}" ler
={g:H —"H : gselfadjoint, 0 < g <1, trg = N}.

Designate the left set by L and the right set by R. Note that every g € R is
trace class and hence compact.

Proof.

e "C" follows from vy € R for all ¥ as well as R convex and closed with
respect to |||, since ||A| < ||A]|,, for all A:H — H trace class.

e "D" According to the Hilbert-Schmidt theory for compact self-adjoint op-
erators, every g € R has a complete orthonormal system (¢;);en of eigen-
vectors with corresponding eigenvalues \; € R, i.e.

gp = Z)\i (pilp)pi Vo €H.
i=1

We have 0 < \; < land Y} A =trg=N. If ¥ =¢p; A--- Ay isa
Slater determinant, then

N

Yo =Y (o |9y i Vo €H.
k=1

The assertion follows now from (3.2) and the following lemma.

Remember that
0= {(tn) ttn ERVREN, ) [t < OO}
n=1

is a Banach space over R with the norm

oo

Itlly = ftal

n=1
Lemma 17. Let
T:={tel :0<t,<1Vn,|t]], =N},
then the extreme points are
exT={teT :t,€{0,1} Vn}

and
T =convexT.

13



Proof. Let t € T and 0 < t; < 1 for an ¢ € N. Since ||t||; = N € N, there is an
j # 4 such that 0 < t; < 1. For ¢ > 0 small enough,

ri= (t17t27...,ti+6,...,tj—67...)GT and
S = (tl,t27...,ti76,...,tj+€,...)GT.
Ast=121(r+s), t¢exT.
Now let t € T, t,, € {0,1} Vn. From ¢t = 1(z + y) with 2,y € T it follows

that r =y =t,ie. t €exT.
We show next, by induction with respect to m, that

teconvexT VteT witht, =0Vn>m, m €N fixed.

m = N: thente€exT.
m =N +1: set

i |1 n#i,1<n<N+1
%=1 0 otherwise

Then s’ € exT and t = Zfiﬁl (1—t;) s

m > N + 1: without loss of generality ¢,, # 0 and t, > t,,, Vn =1,...,m. Set

P 1 m—N<n<m
"1 0 otherwise

and

1
ri=
1—t,

By induction, r € convex T, hence also

[t —tms] € T.

t=(1—1tm)r+tms € convexT.

Finally, let t € T'. Given € > 0, choose m € N with )
loss of generality ¢, <1 — 5. Set

tn| < §. Without

n>m

tn n<m
Tni=9q tm+D pomle n=m ,
0 n>m
then r € convexT by the above result and ||t —r||; <e. O

3.5 Eigenvalues of ['y in case of even K = N + 2

Let again H be a finite, K-dimensional Hilbert space and ¥ € ANH an N-
particle antisymmetrized wavefunction, and additionally assume that K = N+2
and N is even. We remark that the former is equivalent to demanding rank v¢ <
N + 2 as ¥ can always be expanded in eigenvectors of vy corresponding to
nonzero eigenvalues.! By duality, there exists a ¢ € A?H such that

U =q,l12...K),

1 Also compare with proposition 14.

14



and — since we are interested in the eigenvalues of I'y — by the Coleman ex-
pansion theorem we may w.l.o.g. express ¢ = ZiK:/lz T;|2i — 1,2i) with x; € C.

Then

K/2
W:Zzi~agia2i_1|12...K>, Z|Il‘2:1
i=1 i
as shown in figure 3.1 for a single Slater determinant. Note that {|1),...,|K)}

K-1 K

1 2 3 4 5 6
|le@|00| 00| -- |oo>
Figure 3.1: Tllustration of aj;_1,2:[12... K)
are exactly the eigenvalues of the 1-particle reduced density matrix vg as
(i|yej) = (a; 0| a; ) = 6, (1 - |xk|2) with i€ {2k —1,2k).
A direct inspection shows that

(ij | Twif) = llaja®|* = > Jawl=1— > |ol”

{21@7]61,21@} {2k7k1,2k}
N{i,j}=0 N{i,j}#0

and for |ij) # [pq)

| T xg, i) =12k —1,2k) and |pg) = |21 — 1, 20)
(pa | Twij) = { 0, otherwise
Note that all |ij) which cannot be written as |ij) = |2k — 1, 2k) are eigenvectors
of I'y with corresponding eigenvalue zero, so it only remains to determine the
eigenvalues of the submatrix

1—|x1|2 T Ty ... T1-Tnp
To -2 1—|a:2|2

- , n=K/2. (3.3)
E~x1 1_|xn|2

For example, in case of K = 6, we have ¢ = 77 |12) 4+ 73 |34) + T3 |56), so
U = a,|123456) = 2|3456) + 22|1256) + 23]1234).
Then ajz;_1,2:) ¥ is explicitly

a|12>\If = $2‘56> + I‘3|34>,
a|34>\If = 331‘56) + l‘3|12>7
a|56>\IJ = 1‘1‘34) + .’172|12>

15



and a3V = —23(24), aj14y ¥V = 23(23),.... Plugging these in yields

2

12 | Ty 12> = ||C(,|12>\I/H = ‘$2|2 + |J33|2 =1- |$1|2 R

34|F\1; 12> <a‘12>\II|a‘34>\II> =T 21,

13 | F\I; 12> <a‘12>\I! | a‘13>\11> = 0,
)

(
(
(
(

13|F\I/ 13 = ||0,|13>‘1/H2 - ‘$3|2,

Expressed in the basis set B U C7 U Cy U C3 with

we have

where G3, is defined in equation (3.3) and D%, = |a;|* - I.
Rewriting G, as
2

|71 1
v =1In—2 + : (X1, 0y 2p)
|wn|2 Ln

and applying the matrix determinant lemma

det (A+w™) = (1+ 0" A u) det(A)
for all vectors u, v and invertible matrices A, we can explicitly derive the char-
acteristic polynomial of G, namely

n

n S Ti
XT(G\I/): (1—ZW>H(T—{-2T1—1), ri = ‘;L’ilz.
i=1 g

=1

In particular, the eigenvalues depend on |x2|2 only. For K =6 and K = 8 this
yields

xr(G) =T —2T* + T — dryrars,
Xr(Gh) =T* =37 +37% — |1+ Y riryry, | T
i<j<k
- 16T17"27“37‘4 +4 Z T k-

i<j<k
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In the following we explicitly calculate the eigenvalues of I'y for arbitrary ¥
and K =6, N = 4. From the above arguments, these are exactly

{ri,ro,r3} U{T : T =272 + T — dryrory = 0}

with r; > 0 and Zle r; = 1. In particular, u := 1773 covers the range [0, 3-].
Let A1 be the greatest root of T3 — 272 + T — 4u, then both remaining roots
A2,3 can be expressed in terms of A;, yielding

A1 / 3
)\2,3 — 1 - 7 :l: )\1 (1 - 4A1> (34)

Note that this term depends on u (that is, ¥) only indirectly via A\;! Figure 3.2
shows a plot of (3.4), from which we deduce that A, € [1,3] since A; € [0, 1]
would contradict A\; being the greatest root. Plugging in v = 0 and u = %
and using the fact that A\; depends continuously on u shows that A; actually
covers [1, %] We remark the consistency with a result by Yang Yang (1962),
the eigenvalues of I'y being less or equal to 1 £ (K — N +2).

Ay
14

12}

““)Ll

1ol
08l

06f

04l

Figure 3.2: Ao vs. Ay

3.6 Pair structure inheritance

Given a positive semidefinite operator? h : A?H — A?H, we try to find the
greatest eigenvalue of the corresponding N-body Hamiltonian H, additionally
assuming that K := dim’H is even and h has a special form, namely

K/2
h=>" hij|2i —1,2i)(2j — 1,2j]
i,j=1
and a positive semidefinite matrix (h;;). In N-body space,
K/2
H= Z hij ar2i—1,2i)a|2j*1»2j>'

ij=1

2What follows applies literally to the minimization of (¥ | H ¥) for negative semidefinite
h.
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Define projectors

my ;= (1 —nai_1) nai,

Mma; i= Ngi—1 (1 — ng;)

for all ¢ = 1,...,K/2, where n; = a}aj is the number operator for state j.

The intuitive picture behind ms ; is a number operator for "unlike pairs" as in
figure 3.3. The decisive feature of these operators is the fact that they commute
pairwise with themselves and with H, i.e.

[Mp,ismq;] =0 Vp,ge{l,2},4,5=1,...,K/2, and [H,mp;]=0 Vp,i.
To proof the last equality, note that, for example,
T _ I 1 T
M2, Qlg;_y o5y = Qg1 G2i—102i Ay; * Ag; 1 Gp; = 0.

The operator
K/2
m = Zmu + mo ;
i=1
counts the total number of unlike pairs.

--|eo] --

2i-1 2i
Figure 3.3: An "unlike pair"

The next proposition establishes that eigenvectors of H inherit the pair
structure of h.

Proposition 18. FEach normalized eigenvector W of H corresponding to the
greatest eigenvalue can be chosen such that it has minimal number of unlike

pairs, i.e., (¥ |m¥) =0 if N is even and (¥ |m¥) =1 if N is odd.

Proof. We may assume that ¥ is also an eigenvector of m,; Vp,i and thus an
eigenvector of m. Now suppose, on the contrary, that (¥ |m ¥) > 2, then there
are i < j and p,q € {1,2} with m,; ¥ = ¥ and m,,; ¥ = ¥, wlo.g. p =1,
q = 2. We transform ¥ as shown in figure 3.4, or more formally:

U= a;_lagj,llll.

U is a normalized eigenvector of 1m,, ; ¥V p, k which reduces the number of unlike
pairs by two, and has the following property:

- i N <\I] | argk_1’2k>a|21—1,21) \I/> ’ l ¢ {Zaj}
<\II | Aok —1,2k) ¥[20—1,21) \II> =93 0, l=3
6kl =1

for all k,I. As an immediate consequence,
<¢:\H\i/> — (U | HV) = hy; > 0.

Since ¥ maximizes (¥ | H¥), h;; must be 0, and ¥ is also an eigenvector of H
corresponding to the greatest eigenvalue. This establishes the proposition. [
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--|loe| --|@o] --

v

--|eoe®| --|0O]| --

21 2 251 7

Figure 3.4: Collapse of two unlike pairs

With this proposition in mind, the next general idea is to work effectively
with one-body instead of two-body reduced density matrices. To this end we
project onto the pair structure as depicted in figure 3.5 for a single Slater de-
terminant, or more formally,

K2
Poair = H [n2i—1ng; + (1 — ngi—1) (1 — ng;)]

i=1

with the well-known single-particle number operator n; = aTai. Now introduce

i
K-1 K

1 2 3 4 5 6
|co|ee|oo]| --|ee)
1 2 K/2
| — | - — | --|->

Figure 3.5: Effective pair structure

pair creation and annihilation operators,

T T _ T
bi 1= Qjg;_y 55y = 2102

b; = a|2i—1,2i) = A2iA2i—1

for all + = 1,...,K/2, with the following commutator relations on the pair
structure Hilbert space:

[bs, b;] = 0, [bT bT} —0,

7]

J

[b:,0] = 65 (1~ 26fti)  for all i, j.

In particular, the "pair particles" acquire bosonic character as expected, but
nevertheless [bi, b” # 0 in general.
Concluding, we have taken the first steps to reduce the problem arg maxy (¥ | H ¥)

on the (I]\(,)—dimensional Hilbert space ANH to a similar problem on the (]Kvg)—
dimensional pair Hilbert space.

19



3.7 Numerics-based conjectures

Numerical experiments give rise to the following conjectures:

e For general p, 7} is an orthogonal projection if and only if ¥ is a Slater
determinant, i.e., the generalization of proposition 7 holds.

e maxy |7y |l;,, is reached if and only if 4§, is an orthonormal projection
(i.e. the maximum is (];[))
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Chapter 4

The Periodic Table Revisited

In this chapter we introduce the FermiFab! Matlab toolbox which casts the
perturbation-theory (PT) and full configuration interaction (FCI) models de-
veloped by Friesecke and Goddard (2008b,a) into an automated computation
pipeline. Comparing the results for the atoms lithium — neon previously ob-
tained "by hand" with the toolbox output verifies the correctness of the pipeline.
Next, we use the toolbox to calculate the simultaneous angular momentum and
spin eigenspaces of potassium — zinc, assuming that all orbitals up to 3p are
permanently occupied, so the remaining degrees of freedom stem from the oc-
cupation of the 3d and 4s orbitals. These eigenspaces block-diagonalize the
Hamiltonian and thus simplify the diagonalization task significantly.

4.1 Many-particle theory for atomic shell elec-
trons

In this section we recall the main results by Friesecke and Goddard (2008b). N
always denotes the number of electrons and Z > 0 the nuclear charge. Since we
investigate also ions, not only neutral atoms, we don’t fix Z = N.

The atoms are treated in the Born-Oppenheimer approximation, that is, the
nucleus is assumed to be fixed, only the electron dynamics is investigated. The
time-independent nonrelativistic Schrédinger equation reads HV = EV with

the Hamiltonian
H=Hy+ V., (4.1)

where in atomic units®

Yo A 1
H() = Z <—2 Az - .’B) ) Vee = ; ‘mz _xj| (42)

2 @]

The x; € R? are the electronic coordinates. Hj contains the kinetic energy
and external potential arising from the nucleus, whereas V.. describes the inter-
electron Coulomb repulsion. The antisymmetric wavefunction ¥ (21, s1,..., TN, SN)
depends on both spatial and spin coordinates s; € {1, |}. For simplicity we work

Thttp://sourceforge.net/projects/fermifab
2For each x € R3, we set |z| := ||z|,.
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in atomic units, that is, the electron mass m., the Planck constant i and the
electron charge e are all set to 1.

The symmetry group of the Hamiltonian (4.1) is SO(3) x SU(2) x Zs cor-
responding to total angular momentum, spin and parity, respectively. These
operators are L? = L2 + L2 + L? with L = (L., Ly, L.) given by

where L; is the single-body angular momentum operator acting on particle i.
The same relations hold for S. The N-body parity operator R is defined by

R\I!(ml,sl,...,xN,sN) = \I’(—:I:l,sl,...,—:BN,SN).
We recall the following well known facts.
Lemma 19.

1. For arbitrary N and Z, a set of operators which commutes with the Hamil-
tonian H and with each other is given by

L? L3, 82 S3 R. (4.3)
2. The eigenvalues of L*, 8%, and R — acting on L? ((Rg X ZQ)N) - are,
respectively,
L(L+1), L=0,1,2,... (4.4)
L35 NN odd
—_ 279259 s 9 )
S(S+1), 8 { 071,2,...,%7 N even (4.5)

3. For fired L, S and p, on any joint eigenspace of H, L*, S* and R, Ls
has eigenvalues M = —L,—L + 1,...,L, and S3 has eigenvalues Mg =
-S, =S+ 1,...,S. In particular, the eigenspace has dimension greater
or equal to (2L + 1) - (25 4+ 1), with equality in the case when the joint
eigenspaces of H and the operators (4.3) are non-degenerate (i.e., one-
dimensional).

Note that using the operators Ly = L, +iL, and S+ = S, £S5y, one can
traverse all eigenspaces of L3 and S3, respectively.

The basic idea behind the perturbation theory (PT) model consists of rescal-
ing the Schrédinger equation and defining a Z-independent Hamiltonian

N

N 1 1 |
Hy = A —-— ), E=—FE 4
0 Z( 2 |wz‘|) zZ? .7

=1

Now we can finally state the PT model, which is derived and rigorously justified
by Friesecke and Goddard (2008b).

PHPY =FEV, VeV, P = orthogonal projector onto Vj,

| (4.8)
Vo = ground state eigenspace of Hy
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Theorem 20. Let N = 1,...,10 and Z > 0, and let n(N) be the number of
energy levels of the PT model (4.8). Then:

1. For all sufficiently large Z, the lowest n(N) energy levels E1(N,Z) <
- < Eynvy(N, Z) of the full Hamiltonian (4.1) have exactly the same
dimension, total spin quantum number, total angular momentum quantum

number, and parity as the corresponding PT energy levels EXYT(N, Z) <
e < ES?;V)(N, Z).

2. The lowest n(N) energy levels of the full Hamiltonian have the asymptotic
expansion

E;(N,z) Ej"(N,Z) 1
zz Z2 +O<Z2) (4.9)

~ 1 ~ 1
:E(O)+ZE]('1)+O<Z2) as Z — 00,

where E©) is the lowest etgenvalue ofﬂo and the E](-l) are the energy levels
of PV..P on V.

3. The projectors Py, ..., P,y onto the lowest n(N) eigenspaces of the full
Hamiltonian satisfy®

|P; — PIT|| =0 (;) as Z — oo, (4.10)

where the PJPT are the corresponding projectors for the PT model.

4.2 Orbital occupation in transition metals

To extend the ideas by Friesecke and Goddard (2008a) to the atoms potassium
— zinc, we first choose an explicit representation of the single-particle dilated
hydrogen orbitals up to 4s in equation (4.11) below. The "original" orbitals can
be regained by plugging the nuclear charge Z into the dilation parameters Z;
for all ¢ = 1,...,7. For brevity’s sake we have omitted the spin here, which is

3Here, ||-|| is the usual operator norm.
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just a multiplication by |1) or |]), and we have set r = |x|.

3
Z§

9013(58) = 717?6*217“
P25 (T) ~ (1 _12z+2 )e—er/2

27 3
75/2
SDQPi(m) = \/;27‘T1 efZgr’/Z’ 1= 17273
p3s( ( - fclr + —027“ ) e~ Zar/3
@)= 2 1027 1/2 13254275 \ s
P\ = o7 \ 7 (922 — 82325 + 422) 6 5

7 (
T \/i (3:13d —-r ) de_Z”/?’
1 \/?xlngge_ZGr/s
7 \/5 (x% — x%) de_z"""/‘3
7 \/?xgngge_Z"r/g
1\/5@35326%_%”3

3 1 1 X
1-— ielr + §€2 2 192637’3> e Zr/4

®3d0(L) =

¥3dz\L

P3dx (T

o Rl R~ X R~

() =
() =
P3dm () =
() =
(x) =

PY3dy L) =

9045(5”) ~

o

(4.11)

The real constants ci,co and e, es, e3 are determined by the L? orthonormal-
ization constraints of the orbitals. For the original orbitals (Z; — Z), these
constants are

ci— 2, co— 7% e, = Z, eg — 7%, e5 — 7.

Note that all orbitals are chosen real to simplify computations.

A matrix representation of the L operator acting on the d-orbitals can be
calculated, e.g., by a computer algebra system?; let P; be the projector on
(3405 P3dz, P3dm, P3dx, P3dy), then one obtains

0 V3i 0 —V/3i 0
0 —i 0 i 0 2i
P;LP,; = 0 i , -0 0 i , —24 0 o i
—V3i —i 0 - v
i 0 V3i —i 0 —i 0

The Matlab file periodic table/ calc_simLS.m of the FermiFab toolbox calcu-
lates the simultaneous L?, Ls, 82 53, R eigenspaces of the input atom, w.l.o.g.
choosing Ly = 0 and S3 maximal. It uses the method fermlfab/51md1ag.m
which implements the simultaneous diagonalization of commuting normal ma-
trices (Bunse-Gerstnert et al. 1993; Goldstine and Horwitz 1959). In our case,

4See periodic_table/symbolic_ base/angularY?2.nb.
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the parity quantum number yields no additional information since the 3d and 4s
orbitals are both of even parity. The results for the atoms potassium, calcium,
copper and zinc are shown in table 4.2. For brevity’s sake we haven’t printed
all transition metals.?

sym. L* s? g config. v
K 28 0 2 1 |[Ar]4s! s)
D | 6 3 1 |[Ar]3d! |do)
Ca| 1S 0 0 0 | [Ar]4s? |s35)
|Ar| 3d2 L (|dodo) + [d=d2) + |dyndlyn)
t+dodz) + |dydy))
5P| 2 2 1 |][Ar]3d? 1f (2 |dodm) + |dgdy))
'D | 6 0 0 |[Ar]3d"4s 75 (Ido3) — |dos))
[Ar] 3d* 757 (=2 [dodo) + 2+ |ddz) + 2 |dimdin)
_}dl’dw> o ’dydy»
3D | 6 2 1 | [Ar]3d'4s! |dos)
3SF 12 2 1 | [Ar] 3d? % (—|dsdp) + 2 - |dydy))
G |20 0 0 | [Ar]3d? =5 (6 |dodo) + |d=dz) + |dmdim)

—4-|dady) —4-|dydy))

Cu| 28 0 % % [Ar] 3d° 451 ’dodiodzd:dm%dwadydiy@
2D 6 % % [Ar] 3d° 452 |d0dzd72dmﬂdzd7mdyd7y3§>
Zn | 'S | 0 0 0 | [Ar]3d"%4s? |dodod.ddu,dmdydedyd,ss)

Table 4.1: Simultaneous L?, L3, S?, S5, R eigenspaces of K, Ca, Cu and Zn for
L3 = 0 and maximal Ss.

What remains is the evaluation of the Coulomb integrals
- 1 -
(ab]cd) = / a(xy)b(x1) —— c(x2)d(x2) dr1 T2 (4.12)
RS |z1 — @2
for the spatial orbitals (4.11). Concerning the spin of the wavefunctions, consider
¢i(wa 8) = QDZ(I]Z)C%(S), T < Rga ENS {Ta l}
for ¢ = 1, . ,4. Then with W}ﬂ/}]> = % (1/)1 (24 wj — wj X 1/11), we get
1
V1thg | ———— b3ty
|z1 — 2|

= (p1p3 | p2pa) (a1 | as) (as | ag) (4.13)

— (194 | pap3) (1 | aa) (a2 | as) .

5These can be found in the periodic_table/tables subfolder of the FermiFab toolbox.
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We implement the ideas by Friesecke and Goddard (2008b) summarized
in the following lemma. For the Fourier transformation F of a function f €
L' (R™), use the convention

(FHk) = X fz)e ™ de.
Lemma 21. For one-electron orbitals (¢;) with ¢; and Fp; € L*(R3) N
L> (R?), let f(x) := pi(z) p;(x) and g(z) := px(z) @i(x). Then

(puealowen) = 55 [ aTIE (Fo) ()%

In what follow, we explain the details of the symbolic "computation pipeline".
For each g € N3, concisely write

09 0%
awe = L g

Let f(z) = ¢;(x) ¢;(z) as in lemma 21 with ¢;, ¢; from the set (4.11), then f
can be expanded as

6 4 3
f(a:):Zr" ( Z Cn,q'szqi) e =z
i=1

n=0 q1,92,93=0

with constants ¢, q and A > 0. This is implemented by symbolic_base/coulomb.nb.
Directly from the definition of the Fourier transform, it follows that

n 0" o 09 ar
k?) = chg (_1) W Zq1+q2+q3W (.7:6 A ) (k) (414)
n,q

One calculates
8\

(A2 + k2)%’

so precomputing® the following integral over polar coordinates

(Fe™7) (k) =

Igq (N X) = (—i)ntaztas iq§+q§+qé,i

272

27 q/ /
/ / / i AT o1 8\m 5 | sind dgp do dk
8k )\2 —l—k2) Ok9 ()\/2 +k2)

with k = |k| yields for the spatial orbitals

Dee gkl *= (%01903 | <Pk90l Z Z Cn,q ,q Cn’,q’

n,n’ q,q’
com o

(_1)n+n 8}\" 8)\/n/ Iq q’ (>\’ )\/)

6See the Mathematica file symbolic base/precompute.nb.
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This (time consuming) computation is performed in symbolic_ base/coulomb.nb,
which also handles the coefficients ¢, 4. Considering symmetry, it follows di-
rectly from definition (4.12) that (ab|cd) = (cd|ab). Furthermore, plugging
in the orbitals (4.11) and realizing that they are chosen real, we may also ex-
change a <> b and ¢ < d, i.e. we need only compute Occ ;i for (¢,5) < (k,1) in
lexicographical order.

Let V.. be the N-particle Coulomb operator obtained from the two-particle
operator vee, and Y, wavefunctions in N-particle space, including spin. In-
dexing spatial orbitals (4.11) by ¢, j, k,l and the spin-part by «, 3,7, d, we get a
spatial RDM mapping as follows.”

(X | Veet)) = tr [Vee ) (X]] = trazp [veel |y (]

. . . . (4.13)
= Y (io kB |vee | 7,18) (j,16 | Ty i, kBY =
ia<kf
Jy<io
= > (ig | Kl) {jon 1B | Ty | icr, k)
ia<kf
Jy<io
. . , (4.15)
— Y (1K) (18, o | Ty i, k)
ia<kf
IB<ja
=D (1K) Y (j, 18| Tjyyix | i, kB)
ikl a,B

ia<k(
=tr {U F\w><x|}

with R
(F\wwl)kl o > (G 1B Ty g i, kBY .
. op
ia<k(

A similar equation can be obtained for single-particle operators. The crucial
feature is that fld))(w\ is just an algebraic coefficient mapping and doesn’t depend
on the choice of the dilation parameters Z;, in particular if ¢ and x belong
to a degenerate L? Ls, S? S, R-eigenspace. So f‘W(s@l can be precomputed
without any reference to the Hamiltonian at all. Instead, the dilation parameters
come in via the Couloumb integrals in 9... So equation (4.15) speeds up the
energy minimization in periodic_table/levels dil.m immensely since the most
time consuming part is plugging in the Z;.

Finally, the results for both "original" and "dilated" Hydrogen orbitals are
shown in figure 4.1. It follows from the min-max principle that the theoretical
model provides an upper bound on the actual ground state energy, which is in
perfect agreement with the obtained data. Table 4.2 contains the quantitative
deviation and shows that numerical optimization of the dilation parameters Z;
reduces the error to approximately a tenth.

Tables 4.2 and 4.2 confirm the predictive power of the FCI model. To obtain
the correct values for chromium and copper, too, one could include the 3s and
3p orbitals or even contributions from higher shells.

"Refer to mex/gen _rdm_ coulomb.cpp for an implementation.
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Ground state energies of K — Zn

x 10* theory vs. experiment
PT model (original orbs)
15l — & — FCI model (dilated orbs)
’ ——— experiment
_2 L
-25r
>
2,
5 -3
@
c
(8]
-35r
_4 [
-45r N
N
_5 1 1 1 - 1 1 1 1 l. J
K Ca Sc Ti \% Cr Mn Fe Co Ni Cu
atom

Figure 4.1: Ground state energy of K — Zn using original and dilated 3d,4s
hydrogen orbitals (3s and 3p are assumed to be permanently filled). The theo-
retical FCI-model value for calcium is missing since the numeric minimization
routine reported "division by zero". The experimental ionization energies are

taken from Lide (2003).

atom K Ca Sc Ti A% Cr
PT (original orbs) | 11.1% 10.7% 11.1% 11.5% 11.9% 12.3%
FCI (dilated orbs) | 0.9%  n.a. 09% 1.0% 1.0% 11%

atom Mn Fe Co Ni Cu Zn
PT (original orbs) | 12.7% 13.0% 13.5% 13.8% 14.2% n.a.
FCI (dilated orbs) | 1.1% 12% 13% 14% 1.5% n.a.

Table 4.2: Relative ground state error of the PT and FCI models

atom | K Ca Sc¢ Ti V Cr Mn Fe Co Ni Cu Zn
theory | 26 mn.a. 2D 3F 4F °SpD 6§ °pD 4F 3F 2D 1§
experiment | 26 'S 2D 3F 4F 7§ 6§ S5p 4p 3p 29 1g

Table 4.3: Ground state symmetry quantum numbers, FCI model (dilated or-

bitals)
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atom K Ca Sc Ti A% Cr

theory [Ar] 4s n.a. 3d4s?  3d%4s? 3d4s®  3d*4s?
experiment [Ar] 4s 45° 3d4s?  3d?4s® 3d*4s® 3d°4s
atom Mn Fe Co Ni Cu Zn

theory [Ar] | 3d°4s? 3dS4s? 3d"4s* 3dB4s* 3d4s*  3d'04s?
experiment [Ar] | 3d°4s? 3d04s? 3d74s® 3d®4s® 3d%4s 3d'04s?

Table 4.4: Ground state configuration as predicted by the FCI model (dilated
orbitals)
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Chapter 5

Conclusion

The central new results in chapter 3 are the detailed spectral analysis of I'y in
section 3.5 for small dimensions, and the pair structure inheritance in section 3.6.
There we have shown that a special pair structure of the two-body interaction
Hamiltonian h translates to the eigenfunctions of the N-body Hamiltonian and
thus reduces the system complexity significantly. Due to the Coleman expansion
theorem, this structure can always be assumed if, e.g., h has rank 1 . We hope
that eventually an effective "single-pair-particle" Hamiltonian can be derived —
similar to Cooper pairs of electrons.

In chapter 4 we have extended the calculations by Friesecke and Goddard
(2008b,a) to transition metals. Due to the increasing complexity, we have devel-
oped an automated "symbolic computation pipeline" comprising Mathematica,
Matlab and — via the symbolic toolbox — Maple. Thus we have been able to verify
the calculations of Friesecke and Goddard (2008b) and compare the predictions
of the FCI model for transition metals with experimental data in section 4.2.
We observe inter alia that the ground state 3d vs. 4s occupation is captured
correctly for all investigated elements, except for copper and chromium.

Since we have mainly focused on the FCI model, what remains open to fur-
ther research is the application of the PT model to the rest of the periodic table.
As long as the nuclear charge is fairly small, i.e., relativistic effects are still negli-
gible, theorem 20 (Friesecke and Goddard 2008b) provides a calculation scheme
for the angular momentum and spin quantum numbers of the ground state for
sufficiently large Z. Thus we hope that eventually, a deeper understanding of
the periodic table based on ab inito principles can be attained.
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Appendix A

Basic Properties of Integral
Operators

Theorem 22. Let (Q, A, i) be a o-finite measure space and v € L*(Q x §,C)
such that y(z,y) = v(y,x) Yo,y € Q. Then

Li 20,0) » LAQ.C), (M) = [2(m)ew)dy
is linear, compact and self-adjoint.
Proof. T is well-defined: by a theorem of measure and integration theory,
Yot y=(zy) € L*(Q,C)
for almost all x € Q. Using the inner product of L?(Q, C), we may write
T)(x) = (ve [#) -
Thus

Jica@r ar< [l el ao= ([ [l dyae) lo1? < .

[ is compact: let (¢;);cy be a bounded sequence in L?(2,C). Then there
exists a weakly convergent subsequence (also denoted by (¢;)), i.e. p; = ¢ €
L?(2,C). Therefore

(Ti)(x) = (o [9i) = (12 | @) = (D) (x) for almost all z € Q.
Choose M € R such that [|¢;]| < M for all i € N, then

[(Tei)(@)] = [{va [ i)l < M - ||| € L*(, C).

2
The theorem of dominated convergence now yields I'p; =N Ce.
[ is self-adjoint: for all ¢, € L?(Q,C) we have

wire) = [ [Fan et dyas = [ [FGmit@ew) ddy = wolo).

O
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Now, let further L?(£, C) be separable, e.g. (2, A, u) = (RY, B, ).
Proposition 23. Let I' be positive semidefinite. Then
tr = /'y(x,x) dz € [0, 00].
Proof. By the spectral theorem for compact, self-adjoint operators, I' has a com-
plete orthonormal system (1);),y of eigenvectors with corresponding eigenvalues

A; € R. That is,

Ty = Z)\i (i | @) s Ve € L2(Q,C), and

Yo = D (il va) i = 3 M0 (@) vs = 3 Nidi@) v, e,

% %

o) = 70) = Y0 M) Bl

As T' is positive semidefinite, A; > 0 Vi € N; thus the theorem of monotone
convergence yields

ur=3"A = /Z/\ (s ()2 dar = /’y(a:,ac) dz.
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Appendix B

The Tensor Product of
Hilbert Spaces

Let H; and Hs be Hilbert spaces over K =R or C and u € Hy, v € Hs. Define
(u®v) (w,z):=(wl|u) (z|v) forallw e Hi, z € Ha.

u ® v is a conjugate bilinear form on H; x Ho. Note that u ® v equals v/ @ v’
if and only if the corresponding forms are identical and that ® behaves like a
product, i.e.

(cut+v)@v=a(u®v)+ (Vov), ackK

and similarly for u ® (v + v’). Denote the set of all finite linear combinations
of such forms by (H; ® Ha) This becomes a pre-Hilbert space with the inner
product

pre-

(uR@v|wez) = (ufw) (v]2) = (we2)(u,v),

extending linearly. To show that this definition doesn’t depend on the choice of
representatives, first let u be a finite linear combination which is the zero form.
Then

(u@v|p)=pu,v)=0 forallueHy,veHs

and by linearity (A | u) = 0 for all A € (H; ® Ha)
with A = X and p = p/, we now have

M) =N ')y =N p—p)y + @ [A=N)=0.

Finally, we show that the inner product is positive definite. Suppose

Given finite sums \, N, pu, p/

pre”’

N
)\:Zai(ui(@vi), u; € Hy, v; € Hs.
=1

Let (w;); and (z;), be finite orthonormal bases of span{u;}, ; 5 andspan{v;},_; ,
respectively. Expressing each u; in terms of the w;’s and each v; in terms of the
z;’s, we obtain

A=) By (wi®z).

(%]
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Thus
)‘|)\ Z /szﬂkm Wy ‘wk Zj |Zm Zlﬁzg > 0

i,5,k,m
and (A | A) =0 if and only if A = 0.

Definition 24. Let H, and Ho be Hilbert spaces over K. The tensor product
H1 ® Ha is the completion of (H1 ® Ha)

pre’
Theorem 25. If (u;);cy and (v;);cy are complete orthonormal systems in the
Hilbert spaces Hy and Hay respectively, then (u; ® vj), .. i a complete or-

ije
thonormal system in H, ® Hs.
Proof. (u; ® vj), jen 18 orthonormal, so what remains to be shown is complete-

ness, i.e. span(u; ® vj)”.eN is dense in H; ® Ho. It is sufficient to proof that

(H1 ® Hz),,,, is contained in the closure of this span. Let u € Hi, v € Ha. We
have
oo o0
=Z<ul|u>ui, U:Z(Ui|v)vi.
i— i—1
! Qi ! Bi

Since >, ; |aiﬂj|2 =3, | ? > |5j|2 < 00, the infinite series

N

A= 1 B (s ,

Ngnoo Z Oézﬁj (uz oy Uj)
7,7=1

converges in Hi; ® Hs, and
2
N
2 12 2
(u®w) Z @iy (w; @ vy)|| = [l o]* = D leis|* — 0.
3,j=1 i,5=1

O

We want to rigorously justify the "natural" isomorphism between L2-spaces
as follows.

Theorem 26. Given two o-finite measure spaces (1,.A1, 1), (Qa, A2, u2) and
assuming that the Hilbert spaces L?(Qq, p1) and L*(Qa, u2) are separable, there
erists an isomorphism

U: L*(Q, 1) ® L*(Q, p2) — L*( X Qa, 1 ® pia)

so that

(Uf®g)(z,y) = flx)gly) forall f € L*(Q, ), g € L*(Q,pu2). (B.1)

Proof. Let (¢;);cy and (1;),c be complete orthonormal systems in L?(€y, y11)
and L?(Qg, p2), respectively. Then (¢;(2);(y)), jen 18 a complete orthonormal

system in L2(Qy x Qa, 1 ® p2). The orthonormality is obvious, and the com-
pleteness can be seen as follows: let h € L?(£2; x Qa, 11 ® u2) and suppose that
for all , j

/ wi(2)Y;(y)h(z,y) dzdy =0,
Q1 xXQ0s
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ie.

/Ql #il®) (/92 ¥;(y)h(z,y) dy> dz = 0.

Since (y;); is complete, this means that up to a set of measure zero, the inner
integral is zero for all € Q. Since (1;), is also complete, h(z,y) = 0 almost
everywhere.

Now define U by

(Ui @ 9;) (x,y) = pi(z);(y).

U is a mapping between orthonormal systems and hence unitary. Note that we
recover equation (B.1). O

The tensor product
Hi®: - QH,
of finitely many Hilbert spaces is a canonical extension of the above definitions.

In quantum mechanics, the Pauli exclusion principle states that multiple
identical Fermions may not occupy the same state simultaneously. This trans-
lates to the antisymmetrization of wave functions.

Standard Example 27. Let (u;);cy be a complete orthonormal system in the
Hilbert space H. For each permutation o € S, define an unitary operator given
on basis elements of "H by

U(uil®"'®uin)::uia(1>®"'®ui

bor(n) *

The n-fold antisymmetric tensor product A"H of ‘H is the image of the orthog-
onal projection

1
Ay = ] Z sgn(o)o.

" o€eS,
Note that N™H is itself a Hilbert space. Set
Uiy A A, = Vol Ay (u, @ - ®uy,,),

then (wi, A+ A, )i cipc..cq, 15 @ complete orthonormal system in N"H. In
the special case where H = L?(2, p) and (Q, A, u) is o-finite, N"H is the set of
all antisymmetric L?-functions, i.e.
A"H o~ L*(Q", @™ 1) anti :=
{oe L2(Q", @ ) : ¢(...,2i...,zj5,...)
== @y m, ) Vit G}

It is obvious that o is unitary as it permutes the orthonormal system
(i, @ -+~ @i, ); ey We show that o is independent of the choice of (u;),;.
Let vi,...,v, € H and set a;; := (u; |v;). Then

<ui1®"'®Uin|Ul®"'®vn>:ai11"‘ainn
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and hence

o ® - ®u,) = g Qi1 Qi = Wiy @ - @ Ui,

U1 ,eensln

E azlo' o aina(n) c Ugy Q- Uiy

U1 ,eensln

= Ug(1) ® " ® Vg(n)-
It is easy to see that A, is a linear, continuous, self-adjoint operator, and from
oA, =sgn(o)A, we get A2 = A, so A, is an orthogonal projection. Note that
Span{A (us, ® - ® uzn)} inEN

is dense in A"H and (A,0) (ui;, ® -+ Qu;, ) = sgn(o)An (v, ® -+ @u;, ). We
remark that for another orthonormal system (v;) the inner product has a
special form:

€N

(Vi Ao s Ao Jug A Auy)

:n!<U1®"'®Un|A (U1 ® - @ un))
Z sgn H Vo |ua oc) = det <U0¢ |uﬁ>a,ﬁ
oES, a=1

If H = L%(Q, i), theorem 26 states
®'ILH ~ L2 (Qn7 ®nu);

for each p € L2(2", ®"u), a basis expansion shows that

(An(,O) (Z‘l, R n ' Z Sgn -To'(l) axa(n)) s
0ES

so A, is antisymmetric. Conversely, if ¢ is antisymmetric, then it’s left invari-
ant by A,.

Proposition 28. Let (u;),cy be a complete orthonormal system in the Hilbert
space H and U : H — H an unitary operator. Then the operator (again denoted
by U) given on basis elements of " H by

Ulu,y, @ ®ug,) = (Uui,) @ -+ @ (Uui,)
is unitary and leaves A" H invariant.

Proof. It follows directly from the definitions that U : span{u;, ® -+ ® u;, }l1 i =
span{Uu;, ® --- @ Uu;, };, ; is bijective and preserves norms. That is,
extends uniquely to an unitary operator U : ®"H — ®"H. Furthermore

A, U=UA, as

AU (us, @+ Quy,)
1
= Z sgn(o)Uui, ) ® - @ Uuy,
g€Sy
—UA (U“ -®uin).

From that it follows that the restriction U: A"H — A™H on the Hilbert space
A™H is also unitary. O
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We investigate vector-valued functions and their connection with tensor
products.

Definition 29. Let (Q,.A, 1) be a measure space and H' a separable Hilbert
space. A function f:Q — H’' is called measurable if and only if x — (y| f(x))
is measurable for each y € H'. We set

LA, uH) = {f Q—-H : f W”Leasumble,/Q I1f(@)|? dz < oo}.

We have to justify that ||f(z)|® is measurable. Let (u;); be a complete
orthonormal system in H’. Then by definition, x — (u; | f(z)) is measurable

and hence also
z e F@I° = [ui | f(@)

K2

Note that since an inner product can be expressed by norms, z — (f(z)]|g(z))
is also measurable for all f,g € L*(2, u; H').

Proposition 30. L?(Q,u;H') given above is a Hilbert space with the inner
product

19) = [ (5@ a(@) da.
Proof. Most results obtained for L?(Q, ) generalize literally to L2(€2, u; H'),
especially the theorem by F. Riesz and E. Fischer which states the completeness

of L?(€2, pt). In this connection, e.g. note that given a sequence (u;); in H' with
> ooy lluil] < oo, the sequence of partial sums

n
Sp = E Ujg
i=1

converges in H’ since it is a Cauchy sequence:

n+k n+k
|Snt+k — snll = Z wif| < Z lu;ll = 0 asn— oco.
i=n+1 i=n+1

Thus we have generalized the well-known classical result on C that each abso-
lutely convergent series is convergent. O

Theorem 31. Let (9, A, 1) be a measure space such that L*(S2, i) is separable
and let H' be a separable Hilbert space. Then there exists an isomorphism

U:L*(Qp) @H — L*(9Q,1H')
such that
(Uf @u)(z) = f(x)u forall f € L*(Qp), uecH.

Proof. Choose complete orthonormal systems (¢;),cy and (u;); oy of L?(S2, p)
and H’, respectively. Obviously, (y;u;), . is orthonormal; we show that it’s also

i
complete. Given f € L2(, u; H'), let

hj € L*(Q,p),  hj(x) := (u; | f(2))
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and a;; = (@;u; | f) = (@i | hj). Then by the theorem of monotone convergence,

?am =;||hj|| =/Q;|hj<x>l da
_ Ui T 2 Tr = x 2 xr = 2 o0
-/Q;M S FE)d /an( J? de = 1 £]2 <

and hence Zf‘;zl aijpiu; converges in L?(§2, u; H'). Furthermore,

2

N N
2 2
f- Z agpiug|| = " — Z laij|” — 0 as N — oc.

ij=1 ij=1

Now define U by

(Ui @ uy) () = @i(@)uy,
which maps an orthonormal system to an orthonormal system and hence extends
uniquely to an unitary operator. O
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Appendix C

Second Quantization for
Fermions

C.1 Introduction

The common term "Second Quantization" is somewhat misleading as it is just
an efficient formalism for many-particle systems. Here we will consider fermions
only (spin 1/2 particles). The spin-statistic theorem of relativistic quantum
field theory states that fermions must be antisymmetric, i.e. the wave function
changes sign under exchange of two identical particles.

C.2 Preliminaries

Let H be a Hilbert space and @¥H the Hilbert space tensor product. AVH is
the image of the orhogonal projection defined by

1
AN (1 ® - @ pN) = N1 Z sgn(0)Po1) ® -+ @ Pa(n)

: ogESN

(i.e. Ay is alinear, continuous, self-adjoint operator with A%, = Ay ). Physically
speaking, ANH is the space where the antisymmetric many-particle function
lives.

By definition, a Slater determinant is of the form

where ¢1,...on € H. If (pa|¥g) = dap, then it will be normalized.
Since A% = Ay and A% = Ay, the following holds:

(pr A ApN |1 A AYn)
=Nl ® - @en|AN(V1 @ - @ YN))

N
=Y sen(0) [] (¢alto(e)) = det (a | 1), 4-
ogeSN a=1
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Remark: Let (¢;); be a complete orthonormal system of H. Then
((pil TARRRNA (piN)il<i2<"'<iN

is a complete orthonormal system of ANH.

C.3 Creation and annihilation operators

Let (¢;); be a complete orthonormal system in the Hilbert space H. When
appropriate, we set |i) = ¢;. Furthermore, let ¢,9 € H and assume that
Y1,...,¥N € H are orthonormal. We define a creation operator by

al Y1 A AN =@ AL A Ay,
extending linearly. The adjoint "annihilation" operator is then

N

a1 A Ay =Y ()T (@] Pa) Y1 Aot Aarr s A

a=1

This can be seen from the column expansion theorem for determinants:

(Y1 A Ay lal xa A Axno)

M=

(_1)’Y+1 <'¢}’Y | 90> det <wa | Xﬁ>a7g%,g

2
Il
—

—

ap Y1 A AN [XT A AXN-1) -

From a physical point of view, these operators increase/decrease the particle

number by one. We write a;r = a];i and a; := ay,,. The anticommutator
brackets yield

{aw,aw}ZO, {aLaajp} :Oa {atpva’L} = <</7|¢>
The "occupation number operator" for the state ¢,
hy =ala
® we

derives its name from the following property:

1 je{is,....in}

N Piy N N piy = { 0 otherwise

Given the operator T': H — H, we want to rewrite

N
T = Z T, (T,, acting on the a-th particle)

a=1
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in terms of creation and annihilation operators.

N
(Z |80>a<Xa> Yi A AN

N
=37 (0 1a) (“1)al Y1 Aot A et Aty

so we have

T=3"Y GIT D lialile = (1T i)ala;.

a=1 i, ]
In order to handle two-particle interactions, we first define pair creation and
annihilation operators by

T T T : T _f T
Qoppyp 7= Ay extending to Uy Apy+e pantis = Doy Agpy T Clipy gy
— (. Y _
Apny = (aw\w> = Gyl

Now use 0y = {ak, ;r} to get

Z| k/’| l|,3—Z| (Kl |J ”,3

a#f3 a#B
—§j| (klali) sl = k5 D 1D ll,
«
= aTakaTal — aj {a]€7 ;L} a; = —aTaTakal
= a:ir/\jak/\l.

Given a pair operator V', applying the above result yields

:%ZV%B

a#p
1 L N
= 52 D @GV ERD i) 1550k
a#B1i,5,k,1
1 .
25 Z <Z®3|Vk®l>a;r/\jaml
W5,k
1
=3 Y (iwj-j@ilV (k®l-1®k)al, ;ann
1<j, k<l
= Z GNFIVEANDa mjalml»
1<j, k<l

that is, given a complete orthonormal system (x;); in A*H,

V= Z (xi | Vx;) a;[(ian'

4]
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Let’s investigate the special case

V=Dl xenH:
V= Z<X1 | x) a;r(i Z<X|Xj>an = a;ax = Ny
i j

Note that the pair operators have bosonic character. A short computation
shows that

T i _
[ai/\j» ak/\l] =0,

and, taking the adjoints,

[ai/\j,ak/\l] =0.
Using
[ai,ala” = aiaiazr — aLa;rai = 5ika;r — 5ila2,
we get

[ai/\j, a,t/\l] = {ajai,ala” = Sikaja;f - 6ilajaL + 5jka;ral- - 5jla;2ai.

Given an unitary operator U : H — H, we obtain an unitary operator (also
denoted by U) acting on ANH by

U@ A= Apn) = (Upr) A A (Upn) -

From
(U U) (@1 A Aib) = U (U AU A+ A Uy)
=Nt A--ANYN
we get
U*aJ{]@U = aL

for all p € H, and, taking the adjoint,
U*aULpU = Qp-

The canonical generalization to p-body creation and annhihilation operators
is as follows:

T . | T T i
iy peooNip e gi Ao NGy T Qg Qg TC Qg A
*
w S o (gt ,
TiANipteJiANjp +— 11 A Nip+c Ji A Njp

:aip...ai1+c.ajp...aj1.

Given x € APH, we set

~ L T
Ny = axax.

This relates to the single-particle occupation numbers as follows:

o ot T = 5
My NPy = Gy w0 Gy e Gy = gy - T
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For the last expression we have used the anticommutator relations. Let (x;),
be a complete orthonormal system in APH and fix the particle number N > p
(that is, we operate on ANH). Then

N
ZﬁXi = (p) “idangy.

This can be seen by a Slater determinant expansion.
We reproduce an interesting result concerning commutator relations. Let

S = Zsij aZaj, T = Ztij aZaj,
i,5 i,J
then an explicit calculation shows that
5,7 =" [s.1],; ala;.
]

In particular, if s commutes with ¢ then S and T commute as well. This is a
rigorous proof of the intuitive fact that commuting single-particle operators also
commute when applied to a many-particle system.

C.4 L? wave functions

In physics, the most widely used Hilbert spaces are L? spaces. (And in fact,
each finite-dimensional or separable Hilbert space is isomorphic to a L? space.)
In this chapter we rewrite the creation and annihilation operators in terms of
integrals, which are the building blocks of L?-spaces.

Given a measure space (2, 4, 1) and H = L?(€2, C), the wedge product is
similar to the antisymmetrized product space, i.e.

AVH ~ L2 (9N, C) =
{ver?(QV,C) : U(...,z,...,25,...)
=U(...,z5,...,%,...)Vi#] }
The creation and annihilation operators are given by
;N
(aL\IJ) (1, ., ZN$1) = NoEsi az_l (1) p(z4) X
V(T Tae1s Tatls- - ENs1) Yo EH, UeAVH

and

(a,¥) (xl,...,xN_l):\/N/mllf(x,zl,...,xN_l)dx.

Q
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This can be directly derived from the definition. Let ¥ =11 A --- Ay

(al W) = A1 A Ay
= (DN A AN A
1 N+1 1

= (_1)N\/Nj+1 ;@(%)\/ﬁ Z

cESN4+1
o(a)=N+1

Z/hr(l)(xl) T wa(a—l)(xa—l) : 7/’o(a+1)(5ﬂa+1) e '7/JU(N+1)(93N+1)
N+1

—(—1) xlﬁ Z \/%( DN 3 gon(r)x

TESN

sgn(o)x

wT(l)(xl) w'r(a 1) (xa 1) 1Z)'z'(()z)(xoﬁ»l)""l/]'r(N)(xN+1)
N+1
04+1 )‘1/(3717"'ax(x—lvx(x-'rlw"axN-‘rl)'

An explicit calculation based on
(V]al,®) = (a, V| D)

gives the formula for a, V.
Let x = @ A € A>H, then by definition (y = QG SO

(CLX\I/)(I'l, Ce ,SCN_Q)

=+VN — 1/9@((1@\1/) (y,z1,...,xn—2)dy
= VN 1) [ [ 5 [P0 = @) ¥, oy -a) dedy

'S
= (2> /Q/S)X(xvy)\ll(xvyaxla"'7xN72)dxdy'

A short calculation shows that

1 N+42

N+2\ 2
(@) e vonen) = (N 7)Y (0 )
a,B=1
a<f
\I/(l‘l,...,xa_1,$a+1,...,$3_1,$5+1,...,l‘N+2).

This can easily be generalized to p-body creation and annihilation operators,
for example, for y € APH and ¥ € ANH,

N 2 _
(aX\I/)(ajl,...,pr):(p> /QX(x’l,...7;13;))\11(95'1,...7951),351,...733N,p)dx’1...dm;.
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Appendix D

An Algebraic Approach

D.1 Basic setup

In this chapter we start from a purely algebraic approach to antisymmetrized
many-particle Hilbert spaces.

Definition 32. Let K € N>; and ‘H be a K-dimensional complex Hilbert
space, where we denote an orthonormal basis by |s),s = 1,..., K. The anti-
symmetrized many-particle Hilbert space is defined by

AH :=span{|S) : S C{1,...,K}} = {Za5|5> : aSG(C},
s

i.e. the subsets of {1,..., K} serve as orthonormal basis. Forp € {0,1,...,K},
the antisymmetrized p-particle Hilbert space is

APH :=span{|S) : SC{1,...,K}, |S|=p}.
Note that H = AYH and N\PH is naturally embedded in NH.

Given two disjoint subsets S = {i1,...,in} and T = {in41,...,%m} with
1] <idg < -+ <idpand ipy1 < -+ < iy, let o be the permutation of {1,...,m}
such that iy1) <ig@) <+ <igm). Set

[ sgn(o), itSNT =10

sgn(8, 1) = { 0, otherwise

An immediate consequence is the following:
sgn(8,T) = (—1)5M T sgn(T,8) VS, T C{1,...,K}.

Definition 33. Define so-called creation operators acting on basis vectors of
AH by a‘TS>|T> = sgn(S,T)|SUT), extending linearly in |S) and |T). The
adjoint a, = (a:fo)* (p € NH) is called annihilation operator and is antilinear
in . Explicitly,

7y [ SE(ST\S)IT\S), iSCT

Uy = o, otherwise

Furthermore, set

T ._ i
N 1= A0y and c, = apal,.
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Corollary 34. For all S,T C{1,..., K} we have

(D), ScT [T, TnNnS=0
nis)|T) = { 0,  otherwise and  ¢|5)|T) = 0,  otherwise

so mygy and c|gy are projections, and the corresponding subspaces are orthogonal
if S # 0. Note that nigy = ¢jpy = idax-
Forallie{1,...,K},

Ny + €y = idag.

An explicit (tedious) calculation using basic facts about permutations shows
the following relations:

Proposition 35. For all S,T C {1,...,K},

alg 1T} = (~1)'SH1T1 gl 1),

arS)alTT> =sgn(S,T) a‘TSUTV

a|S>a|TT> = (—)ishT a\TTWIS) if SNT =09,

a|s>a|TT> =sgn(SNT,T\S)sgn(SNT,S\T)ajs\r a‘TT\S> CisnTYs

arT>a|5> = (=1)ISNTHSAT son (S N T, T\S) sgn(S N T, S\T) a‘TT\S> ajs\1y MSAT)-
Corollary 36. Let ¢ € APH and v € ATH. Then

[a;rg,a” =0, [ap,ay]=0 1ifpg iseven, and

{aL,aL} =0, {ap,ayp} =0 1ifpq is odd.
Let S, T C{1,...,K} such that SNT = (. Then
[a‘5>,arT>} =0 if |S|-|T| is even,

{a\swafn} =0 if |S|-|T| is odd.

D.2 Invariance under single-particle base changes

Definition 37. For any unitary operator U € B(H), let U® be the unitary
operator acting on N'H by

U®lin, ... ip) = afyy;y -+ aly, 1 [0)
foralll <ip <---<ip < K.

Note that this corresponds to a renaming of the basis elements |1),. .., |K)

of H.

Proposition 38. Let U € B(H) be unitary. Then for all p € N'H,
* Ot _
(U®) age, U® = af,

and — taking the adjoint —

(U®)* aU®¢U® = Q.
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D.3 Reduced density matrices

We can now re-define reduced density matrices, acting on the whole many-
particle space AH.

Definition 39. Given ¥ € AH, ||| = 1, its reduced density matrix is the
linear operator vy acting on NH by

(X[ rwe) = (a,¥ |0y ¥) = (¥]alay V).
As an immediate consequence, 7y is positive semidefinite and self-adjoint.

Proposition 40. Let additionally V € AN'H for fized N. Then tryy = 2V,

and for any p, v leaves A\PH invariant, with trary Yo = (p).

Proof. Just note that for all T', > Sgc (1 g} 7ys)|T) = "number of subsets of 77
T

271 and Z\S|:p”\3>|T> = (lpl). O

For ¢ = ng{l,...,K} ag|S) (ag € C) we set @ := ng{l,_“’K}a*ﬂS), ie.
the complex conjugate of the coefficients in the standard basis expansion.

Let again be ¥ € AH, ||¥|| = 1, and define a linear operator ¥ given on
basis elements by ¥|S) := a;sy¥. Note that due to the antilinearity of the
annihilation operator, we have \i/go = ap¥. Now observe the following: for all
S, TC{1,...,K},

<T|\ifs> = (T| a5 V) = <a‘TS>T\\IJ> = (=187 <a|TT>S|\II>

= (~1)SHTH(S oy ) = (=1)SHT1 (a7 T | ) = (1) SHT1 (97| 5).

If ¥ € ANH, the above term is nonzero only if |S| + |T| = N. For N odd we

thus have (—1)°I171 = 1. Tt follows that (\I/> = V. vy can now be rewritten

in terms of U:
(S1veT) = (ary¥ a5y ¥) = (a5, ¥ | aj V) = <S | U (\i/) T>7

W aN* 2
that is, vy = ¥ (\If) . In particular, the eigenvalues satisfy \;(vy) = o; (‘I/)
2
and tryg =

|

fro

D.4 Particle-hole duality

Definition 41. The dual operator * acting on AN'H is the antilinear operator
*(p) == a,|l) with |1)=[1,2,...,K).

A short calculation shows that {nm — nm,*} =0 for all 4, j.
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D.5 Ground states of interaction Hamiltonians

Fix p € {0,1,..., K} and let h be a self-adjoint linear operator acting on APH.
Introduce the self—adpmt linear operator H := 3 ¢ (S|hT)a | S>a|T> acting on

ANH for fixed N > p. Our goal is to find the smallest eigenvalue of H, i.e. the
minimum of (¥ | H¥), ¥ € ANH, ||¥|| = 1. Here comes in the reduced density
matrix:

(U HY) = Y (S|AT) <\I/\a am\y> ST (S AT) (T | 7w S)
S, T

ST

)

= (S|hyeS) = traen (hyw)
S

Now consider the special case p = 2 and h = }_ g, As|S)(S| with given
As € R. Then H = Z|S|=2 Asn|sy, and the standard basis elements T' C
{1,..., K} with |T| = N are exactly the eigenvectors of H:

HIT)= > Xs|T).

SCT,|S|=2

Thus we try to solve

l;llli_n Z As.

=N
SCT,|S|=2

Define a real symmetric matrix A = (a;;) and a vector x € {0, 1}* by

1 . . .
i, i# 1, €T
) 2Magh J - )
ij { , otherwise and - z; { 0, otherwise

then (T'| HT) = (x| Az). This results in the following integer quadratic pro-
gramming problem on {0, 1}%:

minz” Az subject to cfz =N, c=(1,...,1)T.

Note that we can without loss of generality assume that A is positive definite
since 2T Az = 2T (A + Mg)x — AN for all A € R.
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