Aspects of quantum simulation of the Fermi-Hubbard model
(arXiv:2212.07556 and arXiv:2306.10603)

Christian B. Mendl|

Technical University of Munich

School of CIT, Department of Computer Science
Research Group “Quantum Computing”
October 3, 2023

IPAM Workshop
”’Mathematical and Computational Challenges in Quantum Computing”

joint work with Ayse Kotil, Rahul Banerjee, Qunsheng Huang, Ansgar Schubert
—~————

L i =t
!I{ e R
——— X
lyaar__= .
—r
_— e



https://arxiv.org/abs/2212.07556
https://arxiv.org/abs/2306.10603

c

#& munich-quantum-valley.de

Munich
Quantum
Valley

Munich Quantum Valley

e ¥

Y @ © @ Press | DE

ABOUT US ¥ NEWS & EVENTS ¥ RESEARCH - EDUCATION ¥ INDUSTRY ¥ PARTNERS SERVICE ¥

Welcome to Munich Quantum Valley!

Munich Quantum Valley (MQV) promotes quantum science and quantum technologies in Bavaria with the primary goal of developing and operating
competitive quantum computers. It connects research, industry, funders, and the public: Munich Quantum Valley promotes an efficient knowledge
transfer from research to industry, establishes a network with international reach and provides educational offers for schools, universities and com-

panies.

Munich Quantum Valley is supported by the Bavarian state government with funds from the Hightech Agenda Bayern.

Latest News

MQV Review Meeting 2023
B 29 September 2023

News MQV Consortia Lighthouse Projects

From 26 to 28 September 2023, Munich Quantum Valley met
in Eichstatt to discuss the progress of the various individual
sub-projects over the past year and to identify new synergies

Upcoming Events

Open Day and "Maustag” at Max
Planck Institute of Quantum Optics
# 03 October 2023 - 10:00

Public

On 3 October, the Max Planck Institute of
Quantum Optics (MPQ), Munich Center for



c

& plangceu

Home About Tech History Team Career News Contact

plangc

creating quantum computers
atom by atom

Our processors use atoms in artificial crystals of light:

the fastest way to scale to useful quantum advantage.

Munich .
uaLrl'n u?n (...//é) 3 Amadeus A
@ Vatlley x MCQST LVV Si SpeedlnveSt o Capital Partners APEX

pppppppp

CREATIVE D
DESTRUCTION

UNTER
( L NRRE B | ol | ¥EHMER W | TLT] VENTYRE

L] L]
[ XX ]
[ X 1]
Max-Planck-Innovation SrechLoeY B

L]
®
L



Motivation: Quantum simulation

Goal: realize time evolution operator e~ of target Hamiltonian H

a Exact b Trotter ¢ IBM
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Smith, Kim, Pollimann, Knolle. “Simulating quantum many-body dynamics on a current digital quantum computer”. npj Quantum Information 5, 106 (2019)
B. Chiaro et al. “Growth and preservation of entanglement in a many-body localized system”. arXiv:1910.06024
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Trotter error with commutator scaling for the Fermi-Hubbard model
(arXiv:2306.10603)
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Lie-Trotter product formulas

Example: even-odd partitioning of a Hamiltonian H:

H=A+B, A= Hyen, B = Hoq

O e e N O N
O i\ O U )
(a) “even” hopping terms A
O O O O O O
(b) “odd” hopping terms B
Lie-Trotter:

Si(t) =e e ™«  e™ =8(t) + O()

Strang (second-order Suzuki):

t

So(t) = e e e izA s &M = 8y(t) + O(1)

Higher-order generalizations possible
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Lie-Trotter product formulas

Example: even-odd partitioning of a Hamiltonian H:

H=A+B, A= Hyen, B = Hoq

O e e N O N
O i\ O U )
(a) “even” hopping terms A
O O O O O O
(b) “odd” hopping terms B
Lie-Trotter:

S1(t) = e B o—itA _  o—itH _ S1(t) + (9(1‘2)

Strang (second-order Suzuki):

t

So(t) = e e e izA s &M = 8y(t) + O(1)

Higher-order generalizations possible

TUTI

Appearance of commutators:

i&(t) = —iBS4(t) + e "B(—iA)e ™"

dt
= —i(A+ B)Sq(t) + [e 7™ —iA]e ™A
= —iHS4(t) + [e 7", —iA e~

~ variation-of-parameters formula:
Si(t) = et | /td T ei(t=T)H [e—itB’ —iA| e iTA
0
Resolve matrix exponential inside commutator:
X Y] = etx/theTX[X, Y]e™X
0

t
:/ dre™X[X, Y]e XX
0

A. M. Childs et al. “Theory of Trotter error with commutator scaling”. Phys. Rev. X 11, 011020 (2021)
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Higher-order error bounds with small prefactors

Theorem (Higher-order error bounds with small prefactors, arXiv:2306.10603)
Let S, be a product formula of order p in the representation S,(t) = e " ...e=™ ‘and lets € {1,...,K}. Then

I8p(6) ==

tp_H gs q p Js+1 gj
p+1 (Z Z (qj,,,.7 >Had . adlBH—i—Z Z (qs_|_1,...,qj')HadAs+1'”adAjfBjH

j 2 q+ -+qs=p —S+1 q$+1+

qi#0 =p
i

with
B=) A, j=2..K

Note: ada B = [A, B] denoting the adjoint action, and ad§ its g-fold application, e.g., ad3 B = [A, [A, [A, B]]]

Generalizes Childs et al. (2021), Appendix M

A. Schubert, C. B. Mendl “Trotter error with commutator scaling for the Fermi-Hubbard model”. arXiv:2306.10603 (2023)
A. M. Childs et al. “Theory of Trotter error with commutator scaling”. Phys. Rev. X 11, 011020 (2021)
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Fermi-Hubbard model

HFH = V Z (ajaajo. + aj—!-o.aio.> + UZ n,an
(ijy,o ieN

hopping term: h;, = a a_+ aTUa,U, number operator: n;, = a,TUa signed hopping term: F;,.ja = a};aja

ioc“jo ] io»
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Fermi-Hubbard model on a one-dimensional lattice

Lattice A = Z,, with L even and N = (2Z) ;; Hrn = Hy + Hz + Hs with

Hy = VZ Z P i1 00

iEN oe{t,l}

Hy = VZ Z hiios
ieN oe{t,l}

Hs = UZ (n/,Tn/,¢ + ni+1,Tni+1,¢)'
ienN

Each H, is translation invariant with respect to ', i.e., by a shift of two sites.

O O O O O O
(a) hopping terms in Hy
O O O O O O

(b) hopping terms in Ho

o 0 O O O O —

(c) interaction terms in Hs
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Evaluating commutators

Commutators of elementary operators:
Number operators always commute: for all lattice sites /,j € A

and o, 7 € {1,1},

[nia7 an] =0.

Fori,j,k € Awithi# jandj# kand o € {1,]},

[hijm hjka] = F’ikm
[hijaa hjka] = hika?

N 2(n. — n. i — k
[hjo D] = (P17 = o). :
hike i#k

as well as, for i # j,

[hija7 nja] = F)lja?
h

[F’"(r? nja] =

if fjo
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Evaluating commutators

Commutators of elementary operators:
Number operators always commute: for all lattice sites /,j € A

and o, 7 € {1,1},
[nia7 an] =0.

Fori,j,k € Awithi# jandj# kand o € {1,]},

[hijm hjka] = F’ikm
[hijm hjka] = hika?

N 2(n. — n. i — k
[hjo D] = (P17 = o). :
hike i#k

as well as, for i # j,

[hija7 njo] = F’ija?

[Bij(ﬂ nja] = hija

https://github.com/qc-tum/fermi_hubbard_commutators

TUTI

General commutator relations:
[ABi+ -+ By =[AB]+ - +[A B
and
[A, By B =[A Bi]B:- - By

+ Bi[AB]Bs By + ...
+ By - By i[A, Byl

~» commutators can be expressed solely in terms of sums
and products of hy,, h;, and n;,

o

Sublattice /\’ translations:

> A ) By

ienN keN

D UHIR

ieN LenN
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Fermi-Hubbard model on a one-dimensional lattice (cont.)

Nested commutators (example):

[Hi, [Ha, Hi]] = 2V° Z Z (hi—2i10 = hicti0)

ieN oe{t i}

[Hz, [Ha, Hi]] = VZUZ Z ( (hi—1,i+1,a - h/,i+2,a) ' (”f,& - ”i+1,a) +hi_1io Niiv1s + Nt hi+1,i+2,&>7
iEN ge{t,}

Upper bound on the spectral norm per lattice site:

’
WH[HM [Ho. I < VI Y [[hoa0 = Mol = 41VI°
oc{t}

Final error bound for Strang splitting:

1 ; t3
alI8a(t) =™ < G (3lvl? + 4l ol + v luF)
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Fermi-Hubbard model on a one-dimensional lattice (cont.)

Final error bound for fourth-order Suzuki method:
1 .
WH84(t) — e || < 1°(1.3405|v|° + 8.8233|v|*|u]
+2.3945|v|*|uf* + 0.4137|v[?|u|® + 0.06001|v||u|*)
Comparison with empirical error:

Splitting for Fermi-Hubbard on a 1D lattice, v=-1,u=1

101 4
10—1 4
10—3 i
g 10—5 i
(]
10-7 —e— empir. error (L = 4), Strang
—e- comm. scaling, Strang
10-9 | empir. error (L = 4), Suzuki4
comm. scaling, Suzuki4
10-11 - —A— empir. error (L = 4), AK11-4
—A&- comm. scaling, AK 11-4

1071 10°
t
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Fermi-Hubbard model on a two-dimensional square lattice

O

O
\

O
J

O
J

A
J

(a) hopping terms in H;

(c) interaction terms in Hs

(b) hopping terms in Ho

For Strang splitting:

llsa( — e
< g (4.4142|v|° 4 8.0889|v|?|u| + 1.3062|v||u[?)
For fourth-order Suzuki formula:

ﬁ”&;(t) — e | < 1°(2.1485|v[° + 92.1642|v|*|u|

+ 14.3445|v|?|u|® + 1.0712|v|?|u|® + 0.07938|v||u|*)
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TUT

Fermi-Hubbard model on a triangular lattice

For Strang splitting:
y

1 .
Srllsatn e

t3
<3 (39.4721|v[® + 20.1594|v|?|u| + 1.9546|v||u|?)

For fourth-order Suzuki formula:

ﬁ”sam(t) — e | < 1°(124.815|v|° 4 493.917|v|*|u|

+60.4106|v[%|u|® + 2.9855|v[*|u[® + 0.1206|v||u|*)

A. Schubert, C. B. Mendl “Trotter error with commutator scaling for the Fermi-Hubbard model”. arXiv:2306.10603 (2023)
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Riemannian quantum circuit optimization for Hamiltonian simulation
(arXiv:2212.07556)
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Ansatz brick wall circuit

Goal: approximate time evolution operator

U= e—th

Optimize gates in brick wall Ansatz circuit,
assuming translation invariance:

Gopt = argmin |W(G) — U||12;

~ —iHt
Gel(m)xn ] e’ -
with &/(m): unitary m x m matrices
Circuit topology inherited from Trotter splitting H ] B
U
W(G;, Gz, Gs) )

A. Kotil, R. Banerjee, Q. Huang, C. B. Mendl. “Riemannian quantum circuit optimization for Hamiltonian simulation”. arXiv:2212.07556 (2022)
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Light cone considerations

For translation invariant systems, only need
to optimize up to system sizes L containing :
the causal light cone of physical correlations —

(Lieb-Robinson bounds) A_F

I I

|

|

‘\
J=B

|
’|
| /

-
‘\
e

b
:

_
time

M. Heyl, P. Hauke, P. Zoller. “Quantum localization bounds Trotter errors in digital quantum simulation”. Sci. Adv. 5, eaau8342 (2019)

J. Haah et al.. “Quantum algorithm for simulating real time evolution of lattice Hamiltonians”. SIAM J. Comput. FOCS18, 250-284 (2021)

R. Mansuroglu et al. “Variational Hamiltonian simulation for translational invariant systems via classical pre-processing”. Quantum Sci. Technol. 8 (2023)
A. Kotil, R. Banerjee, Q. Huang, C. B. Mendl. “Riemannian quantum circuit optimization for Hamiltonian simulation”. arXiv:2212.07556 (2022)
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Target function

Goal:

Gop’[ = argmin || W(G) - UH%
Geu(m)Xn

with U = e~ and brick wall circuit W(G)
~+ equivalent to minimizing

f:U(m)*" - R, f(G)=—-ReTr[U'W(G)]

with ¢/(m): manifold of unitary m x m matrices

A. Kotil, R. Banerjee, Q. Huang, C. B. Mendl. “Riemannian quantum circuit optimization for Hamiltonian simulation”. arXiv:2212.07556 (2022)
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Figure: Tensor diagram representation of Tr[UT W(G)].
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Gradient computation on manifold of unitary matrices

Derivative of W with respect to Gy:

Projecting gradient vectors onto unitary tangent space:

grad f(V) = Py grad ?( V) Figure: Source: Absil (2008)
with PyX = V skew(VTX) and skew(A) = 1(A — AT)
Second derivative (gradient as vector field
Vx§ = Pv(DE(V)[X])

P.-A. Absil, R. Mahony, R. Sepulchre. “Optimization Algorithms on Matrix Manifolds”. Princeton University Press (2008)
Christian B. Mend! (TUM) — Aspects of quantum simulation of the Fermi-Hubbard model (arXiv:2212.07556 and arXiv:2306.10603)
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Riemannian trust-region algorithm

Riemannian trust-region algorithm based on quadratic approxi-
mation:

o(X) = 1(G) + {grad 1(G), X) + 5 (Hess [(G)[X], X)
for X € TgUU™", with the Riemannian Hessian
Hess f(G)[X] = Vx grad f(G)
Retraction on U polar decomposition (V € U):
R:TU—U, Rv(§)= gpoar(V + &),
with Qpolar(A): unitary matrix from polar decomposition of A

https://github.com/qc-tum/rqcopt

TUT

Algorithm 10 Riemannian trust-region (RTR) meta-algorithm

Require: Riemannian manifold (M, g); scalar field f on M; retraction R
from TM to M as in Definition 4.1.1.
Parameters: A > 0, Ag € (0,A), and p’ € [0, i)
Input: Initial iterate 29 € M.
Output: Sequence of iterates {zy}.
1: for k=0,1,2,... do

2:  Obtain 7, by (approximately) solving (7.6);
3:  Evaluate p;, from (7.7);

4 if pp < i then

5: Ak+1 = iAk:

6:  elseif p, > 2 and k]l = Ak then

7: Ajp1 = min(2A,, A);

8  else

9: Ak+1 = Ay

10:  end if
11:  if pp > p/ then

12: Tpy1 = RII]/\-I
13:  else

14: Tpyl = Tk
15:  end if

16: end for

T. Steihaug. “The conjugate gradient method and trust regions in large scale optimization”. SIAM J. Numer. Anal. 20, 626-637 (1983)

P.-A. Absil, R. Mahony, R. Sepulchre. “Optimization Algorithms on Matrix Manifolds”. Princeton University Press (2008)
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Optimization results and comparison with Trotter splitting

Transverse-field Ising model Hamiltonian on 1D lattice Z ;) and periodic boundary conditions:

~

—1

H" =} (JZZ11 + gX))

-
Il
o

(here J =1, g = 0.75, time step t = 1, optimization for system size L = 6)

spectral norm error

10-1 4

10-2 4

5 layers, Ising model withL=6,)=1,g=0.75,t=1

—~

error

0 2 4 6 8 10 12 14 16
iteration

(a) Progress of Riemannian trust-region iteration

10° 4
101 4

1072 4

1074 4

1075 4

(b) Approximation error and comparison with Trotter

approximating e=H*"t for L =6,/=1,9=0.75,t=1

—8— opt. circuit
Strang

—¥— Suzuki order 4

—&— Yoshida order 4

—— Mclachlan RKN-4

—#— Blanes Moan PRK-4

N\

T T T T T u y
3 5 7 9 13 25 49
number of layers

approximating e="*"t for =1, =0.75,t=1

—— L=6

—— L=8

—— L=10

T T T T T T
4 5 6 7 8 9
number of layers

(c) Extrapolation to larger systems

A. Kotil, R. Banerjee, Q. Huang, C. B. Mendl. “Riemannian quantum circuit optimization for Hamiltonian simulation”. arXiv:2212.07556 (2022)
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Optimization results and comparison with Trotter splitting

Heisenberg-type Hamiltonian on 1D lattice Z,(;) and periodic boundary conditions:

L1
HHels — Z Z (Jaof oy + haof)

j=0 a=1,2,3

(here J = (1,1,—1), h = (3,0,0), time step t = 1, optimization for system size L = 6)

approx e~H"™*t for | =6,/ =(1,1, —0.5), hy=0.75,t=0.25

—&— opt. circuit
10-1 pt. circui
Strang
—¥— Suzuki order 4
1072 4 —&— Yoshida order 4
—— McLachlan RKN-4
5 —#— Blanes Moan PRK-4
§ 10
5
1074
1073
10-°
T T T T T T T
3 5 7 9 13 25 49

number of layers

(d) Approximation error and comparison with Trotter

error

10714

102 4

1073 4

1074 4

approx e~H"*t for ] = (1,1, — 0.5), h,=0.75,t=0.25

—— L=6
—— L=8
—— L=10

—— L=12

T T T T T
5 7 9 11
number of layers

T T T
13 15 17

(e) Extrapolation to larger systems

A. Kotil, R. Banerjee, Q. Huang, C. B. Mendl. “Riemannian quantum circuit optimization for Hamiltonian simulation”. arXiv:2212.07556 (2022)
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Conclusions and outlook

¢ Application to Fermi-Hubbard model
~+ B.Sc. thesis by Peter Ridilla

* Implementation for HPC: caching, ...
~+ M.Sc. thesis by Fabian Putterer

* Run optimizations for 2D lattice geometries

* Generalization to non-unitary target matrices,
block-encoding, . ..

—iHt

%
o

Gl

https://github.com/qc-tum/rqcopt

Christian B. Mend! (TUM) — Aspects of quantum simulation of the Fermi-Hubbard model (arXiv:2212.07556 and arXiv:2306.10603)

23


https://github.com/qc-tum/rqcopt
https://arxiv.org/abs/2212.07556
https://arxiv.org/abs/2306.10603

References I

Absil, P-A., Mahony, R., and Sepulchre, R. (2008). Optimization Algorithms on Matrix Manifolds. Princeton University Press.
URL: https://press.princeton.edu/absil.

Chiaro, B. et al. (2019). “Growth and preservation of entanglement in a many-body localized system”. In: arXiv:1910.06024.
URL: https://arxiv.org/abs/1910.06024.

Childs, A. M. et al. (2021). “Theory of Trotter error with commutator scaling”. In: Phys. Rev. X 11, p. 011020.

Haah, J. et al. (2021). “Quantum algorithm for simulating real time evolution of lattice Hamiltonians”. In: SIAM J. Comput.
FOCS18, pp. 250-284.

Heyl, M., Hauke, P., and Zoller, P. (2019). “Quantum localization bounds Trotter errors in digital quantum simulation”. In: Sci.
Adv. 5, eaau8342.

https: //github. com/ qc-tum/ fermi_ hubbard_ commutators (n.d.). URL:
https://github.com/qc-tum/fermi_hubbard_commutators.

https: // github. com/ qc-tum/rqcopt (n.d.). URL: https://github.com/qc-tum/rqcopt.

Kotil, A. et al. (2022). “Riemannian quantum circuit optimization for Hamiltonian simulation”. In: arXiv:2212.07556. eprint:
2212.07556.

Mansuroglu, R. et al. (2023). “Variational Hamiltonian simulation for translational invariant systems via classical
pre-processing”. In: Quantum Sci. Technol. 8, p. 025006.

Schubert, A. and Mendl, C. B. (2023). “Trotter error with commutator scaling for the Fermi-Hubbard model”. In:
arXiv:2306.10603. eprint: 2306.10603.

Smith, A. et al. (2019). “Simulating quantum many-body dynamics on a current digital quantum computer”. In: npj Quantum
Inf. 5, p. 106.

Stelhau 198?\)] “The conjugate gradient method and trust reglo sin Iarlge scale optimization”. In: SIAM J. Numer. Anal
gﬁtlan gﬁgn — Aspects of quantum simulation of the Fermi-Hubbard model(arXiv:2212.07556 a d arX|v 2306.10603)

) & & W & D WE Y


https://press.princeton.edu/absil
https://arxiv.org/abs/1910.06024
https://github.com/qc-tum/fermi_hubbard_commutators
https://github.com/qc-tum/fermi_hubbard_commutators
https://github.com/qc-tum/rqcopt
https://github.com/qc-tum/rqcopt
2212.07556
2306.10603
https://arxiv.org/abs/2212.07556
https://arxiv.org/abs/2306.10603

	References

